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Abstract

We construct a continuum of stationary equilibria in a continuous-time New Keynesian
model with a conventional Taylor rule. Our earlier paper (Lee and Dordal i Carreras,
2026) establishes multiple equilibria with a linearized New Keynesian Phillips curve; here,
we show that they persist when the supply block is fully non-linear, and admit a closed-
form solution. The model retains precautionary saving induced by consumption risk,
while firms face quadratic Rotemberg costs that make the Phillips curve non-linear in
inflation and the output gap. Every equilibrium in the family features underproduction,
deflation, and positive excess volatility. Although output fluctuates persistently within
a bounded range, it features a stationary distribution, with the shape of the inflation
function determining how output and inflation behave over time. Finally, the constructed
equilibria are sustained even when an effective lower bound on the policy rate binds at

low output gaps.
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1 Introduction

A sufficiently strong response of the nominal interest rate to inflation is commonly associated
with local determinacy in the New Keynesian models (Woodford, 2003; Gali, 2015). However,
local determinacy need not imply uniqueness among globally bounded equilibria. In our earlier
paper (Lee and Dordal i Carreras, 2026), households that anticipate greater consumption
volatility save more for precautionary reasons, reducing aggregate demand. Under nominal
rigidities, the resulting decline in real activity validates the anticipated volatility. The model
admits bounded equilibria driven by self-fulfilling volatility, with persistent underproduction,
including a stationary class.

This paper retains the economic environment, monetary policy following Taylor rules, and
demand block of Lee and Dordal i Carreras (2026), but replaces its log-linearized supply block
with an exact non-linear New Keynesian Phillips curve. Firms incur quadratic Rotemberg
price-adjustment costs (Rotemberg, 1981), which are rebated lump-sum to households. Despite
the model’s non-linearities, we show that it continues to admit a continuum of stationary
equilibria. In every constructed equilibrium, the output gap and inflation are strictly negative,
while excess output-growth volatility is strictly positive. The output gap follows a positive
recurrent diffusion on a bounded interval, and the shape of the inflation function determines
the stationary distribution. Sample paths can approach arbitrarily closely to both endpoints
but never reach either from the interior. Despite these persistent fluctuations, the invariant
distribution implies well-defined long-run averages of the output gap, inflation, and excess
volatility.

Surprisingly, the multiplicity persists when nominal interest rates are subject to a constant
effective lower bound that binds occasionally. In each constrained equilibrium, the economy
spends positive stationary probabilities in both the constrained and unconstrained regimes.
This is similar to the alternative zero-lower-bound equilibria driven by self-fulfilling volatility

in Dordal i Carreras and Lee (2026).!

1.1 Related literature

A sufficiently aggressive response of the policy rate to inflation or the output gap ensures local
determinacy in a canonical New Keynesian model (Clarida, Gali, and Gertler, 1999; Woodford,

2001). As Cochrane (2011) argues, however, uniqueness hinges on ruling out explosive paths

n Dordal i Carreras and Lee (2026), certain stabilization at a future date removes current excess volatility
and selects a unique equilibrium. In the stationary economy constructed here, every future date repeats the
same policy: the nominal rate follows the Taylor rule or binds at the effective lower bound, according to the
current state. Under that recurrence, the stationary equilibria persist, and excess volatility remains positive.



through a boundedness restriction.? Beyond the local equilibrium, boundedness alone need

not ensure uniqueness.

Our earlier paper (Lee and Dordal i Carreras, 2026) studies this issue in continuous time
under complete information. With a log-linearized Phillips curve, households that anticipate
greater consumption volatility save more, reducing demand and validating their expectations.
The resulting bounded equilibria include the stationary underproduction class studied here.
Two extensions restore uniqueness. A small friction in social memory, in the sense of Angeletos
and Lian (2023), eliminates the self-fulfilling paths, while level-k reasoning, as in Farhi and
Werning (2019), weakens the intertemporal coordination that sustains them. In a separate
overlapping-generations extension, non-Ricardian fiscal policy selects the same equilibrium.
Still, the non-linear New Keynesian Phillips curve is used only for numerical solutions there,
and the effective lower bound constraint is not imposed. Khorrami and Mendo (2026) similarly

show how active fiscal policy can eliminate multiple equilibria.?

A separate literature connects multiplicity to idiosyncratic income risk. In an analytical
heterogeneous-agent model, Acharya and Dogra (2020) show that countercyclical risk can
generate indeterminacy even when the nominal interest rate satisfies the Taylor principle,
whereas procyclical risk can make a nominal peg determinate. Acharya and Benhabib (2026)
establish a corresponding global result in a Heterogeneous-Agent New Keynesian (HANK)
economy. When risk is even mildly countercyclical, the natural rate becomes endogenous
and moves with output, allowing multiple bounded equilibria to survive arbitrarily strong
responses of the policy rate to inflation. An active monetary policy rule eliminates multiplicity
if it stabilizes these natural-rate movements; a passive monetary policy combined with active
fiscal policy can do so too. Our focus is different in that households are representative, and the
natural rate is exogenously given.* We construct a family of stationary equilibria based on self-
fulfilling aggregate volatility, and in particular, show a fully non-linear New Keynesian Phillips
curve supports a continuum of stationary equilibria with stochastic aggregate volatility.

The persistence of the stationary equilibrium family under an effective lower bound relates
to the liquidity-trap equilibria of Benhabib, Schmitt-Grohé, and Uribe (2002). With a
zero lower bound, a Taylor rule can admit self-fulfilling paths of declining inflation along
which monetary policy fails to restore the target. In Section 3.3, the lower bound constrains
monetary policy only over part of the state space, leaving the Taylor rule region operative

elsewhere. The continuum of stationary equilibria nevertheless persists.

2Local determinacy in linear rational-expectations models is commonly established using the criterion of
Blanchard and Kahn (1980).

3Their equilibrium retains the precautionary term in the IS equation and mainly uses a linearized supply
block. The fully non-linear pricing block appears only for studying deterministic dynamics.

4Still, the risk-adjusted natural rate responds to endogenous volatility (Lee and Dordal i Carreras, 2026).



The paper is organized as follows. Section 2 sets out the economy. Section 2.7 derives the
exact New Keynesian Phillips curve and IS equation. Section 3 constructs the stationary family
and its invariant density. In particular, Section 3.2 presents bounds, cyclical comovement,
and long-run averages. Section 3.3 shows that an occasionally binding effective lower bound

preserves equilibrium construction. Section 4 concludes.

2 The model

The economy consists of a unit measure of identical households and a fixed unit continuum of
monopolistically competitive firms, indexed by h, j € [0, 1], respectively. Time is continuous.
The aggregate price level, nominal wage, and nominal short rate are denoted by p;, w;, and ;.
Aggregate processes are adapted to a filtration (F;) satisfying the usual conditions, and Z; is
a standard Brownian motion on this filtration; [E; denotes conditional expectation. Aggregate
inflation is defined by dp;/p; = mdt, with pg > 0, and the real short rate is r; = i; —m;. Unless
stated otherwise, functions of the state are evaluated at the current state. The nominal bond
is the only traded security. As usual, firms are owned by households, and their profits are

rebated back to households in a lump-sum way.

2.1 Households

Household h chooses consumption C* > 0, labor supply L? > 0 and nominal bond B!. Let
C’th 7 be its consumption of firm j’s good, whose nominal price is pi. C" is then given by:

o /o)
ch — [/ (ChdyED/e gj L oes 1
0

The elasticity of substitution across goods is e (Dixit and Stiglitz, 1975).°

Let I'" denote maximal expected continuation utility at date ¢, given inherited wealth
and aggregate information, and let s index future dates:
h)1+1/n

= supEt/ e~ Pt [log ch — (L3
t

sl g . 2.1
1+1/77] s, p>0 (2.1)

The subjective discount rate is p > 0, and the Frisch elasticity of labor supply is finite and
positive, 0 <n < oco. Write m =1+ 1/np>1and U(C, L) = logC — L™ /m for period utility.

The preference specification is the same as in Lee and Dordal i Carreras (2026).

SExpenditure minimization yields nominal consumption expenditure p;C;'. Aggregate consumption is
Cy = [} Cldh.



The nominal transfer D; collects rebates in firm profits and price adjustment costs, defined
below. Households take aggregate wages, prices, and transfers as given, and bonds are in

zero net supply. Then, the nominal budget constraint is
dB!' = (i,B! — p,C" + w,L" + D,)dt, B} =0. (2.2)

Given aggregate consumption C;, we define nominal and real discounted marginal utility
by &N = e /(p;C;) and & = p,&N. Household plans must satisfy the transversality condition
(Dybvig and Huang, 1988; Acemoglu, 2009):

o N ph

2.2 Production and technology

Let Y7 and L? be firm-level output and labor. Aggregate output Y; uses the same aggregator as
consumption, and aggregate labor is L; = fol Lidj. Every firm has the technology Y7 = A,L,

where common labor productivity follows

A
Ciél’f:gdt+adZt, Ag >0, o>0. (2.4)
t

The initial levels Ay and py are positive constants. Both the drift g and volatility o are finite,

and o > 0 is the instantaneous volatility of productivity growth.

2.3 Demand and price setting

The expenditure minimization gives the price index and household good demands. Aggregating

those demands and clearing goods markets yields®

1 e 1/(1-¢)
Pt = [/0 (Pt) d]} )

4 A . A
Gl = (“) Cr Y = (“) Y.
Pt Dt

Firm j chooses its own inflation rate 77, with dp/ / pl = 7l dt, taking aggregate variables as

(2.5)

given. Firms pay quadratic price-adjustment costs a la Rotemberg (1981), where 7 > 0 is the

6Appendix A.2 derives these demands.



adjustment-cost coefficient. The nominal adjustment cost ©/ and net nominal profit ¥ are

Ol = 2 (x)*piY7,

e o (2.6)
Ui=pY —wli—6f,  7>0.
From its initial price p/, the firm maximizes expected discounted real profit,
[e'S) gs \Ijj
E = —2ds, 2.7
' t gt Ps ( )
where the weight /& is the real stochastic discount factor (Gali, 2015).
2.4 Aggregation and the natural allocation
Aggregate profits and price-adjustment costs are rebated lump-sum. Consequently,
1 1
D, = /0 Wy dj +/0 ©idj, wiL;+ Dy = p,Y;. (2.8)

There is no investment or government spending. Goods-market clearing requires fol Ol dh =
Y;j for each firm. Market clearing gives Cth =C, =Y, = AL, and Lf} =1L, = fol L{ dj. Real
marginal cost is me; = wy/(prA:), and a = (¢ — 1) /e is the inverse of the gross markup. The
symmetric household labor condition gives mc; = L}".

Under flexible prices, Appendix A.2 shows that individual static pricing and then symmetry
give mc" = q, so natural labor and output are L" = a/™ and Y;* = A,L". The associated

natural rate of interest is given by " = p + g — o?.

The output gap We define the output gap Y, and gross output ratio ¢; are

) /A — =14Y,=— 2.
t Yy 4t L= T (2.9)
leading to
= aq," L=1—ag" (2.10)
me; = agq,”, = aq;”. .
t Qt ptct Qt

The ratio ¢, is the state coordinate used throughout the paper. The Taylor rule is written in

terms of the actual output gap Y, = q — 1.



2.5 Monetary policy

Monetary policy follows a usual Taylor rule:
i =1" 4 ¢ Y+ by, Gy >0, o> 1. (2.11)

The coefficients ¢, and ¢, are the responses of the nominal rate to the output gap and to
inflation (Taylor, 1993).
Except in Section 3.3, in which an effective lower bound constrains the policy prescription,

the nominal interest rate follows (2.11) at every state.

2.6 Equilibrium

Definition 1 (Symmetric equilibrium). A symmetric equilibrium consists of household plans
(Ch, (Cth’j)j, L}, BM),, firm plans (p!, Y7, L{)j and aggregate processes (Ay, py, T, Wy, iy, Dy, Cy, Yy, Ly).
All plans are adapted. Given the aggregate processes and individual states, at every decision
date, each household maximizes (2.1) subject to budget (2.2) and the transversality condition
(2.3); each firm maximizes its discounted real profit (2.7).
Prices and allocations are symmetric, with C? = C;, =Y, = A;Ly, L" = L; and B = 0.
Goods, labor, and bond markets clear. Thus, transfers satisfy (2.8), monetary policy satisfies

(2.11) and productivity satisfies (2.4). Initial conditions are Ag,py > 0, p) = py and Bh = 0.

Let the dynamics of aggregate consumption C; be given by

dC

a = M?dt+UEdZt,

where u¢ is its proportional drift and ¢ its proportional diffusion loading. Excess output-
growth volatility is 07 = o — ¢ as in Lee and Dordal i Carreras (2026).

Now we define stationary equilibrium.
Definition 2 (Stationary equilibrium). A stationary equilibrium is an equilibrium in Defini-
tion 1 for which (57,5, 7, 0}) is jointly strictly stationary: its finite-dimensional distributions

are unchanged by any common non-negative shift of the observation dates.

2.7 The New Keynesian Phillips curve and IS equation

The symmetric equilibrium of Definition 1 allows exact New Keynesian Phillips curve and IS
equation. Define k = (¢ — 1)/7. The following proposition presents the optimality conditions

for households and firms and derives both equations.



Proposition 1 (Exact optimality conditions). Household optimality requires

Wt b1/
= (L), 2.12
0T (L) (2.12)
d N,h
Et[ %@ﬁ] = —idt, (2.13)
t

where " = e Pt/ (p:Ch). For individual consumption-growth loading <" the Euler equation
(2.13) is equivalently

cy Ch\2 C.h
t

After individual differentiation and then symmetry, inflation and the proportional gap obey

~ -1
E;[dm) = {pwt — K {(1 + Y;) Y — 1] - 527rt2} dt, (2.15)

Y, = (1+Y) [is — m — " + 007 + (07)?] dt + (1 + Yi)o7dZ,. (2.16)

Proof. Appendix A.1 derives the individual household conditions and the individual pricing
equation. Once symmetry is imposed, (2.16) and (2.15) follow from those optimality conditions.
m

The variance term in (2.14) is precautionary saving. The two volatility terms in the IS
equation also pick up the covariance between consumption and natural output. Equation (2.16)
is equivalent to the IS equation in our earlier paper (Lee and Dordal i Carreras, 2026).” In
the Phillips curve, marginal cost is non-linear in labor, and the squared-inflation term records

the effect of adjustment costs. Linearizing (2.15) at the natural allocation gives
Ey[dm] = (pm — mkY}) dt,

with local slopes k™ = p and kY = mk. Under this linearized Phillips curve, our earlier paper
establishes multiple equilibria. The family constructed below satisfies the non-linear equation
(2.15) itself.

Equations (2.11), (2.15) and (2.16) are the aggregate 3-equations system. The next section

constructs a family of stationary solutions and their invariant distribution.

"The output gap Y; is defined as log(Y;/Y;") in Lee and Dordal i Carreras (2026), leading to a slightly
different form of the IS equation.



3 A family of stationary equilibria

Our equilibrium construction indexes inflation by two parameters, b and v, each between zero
and one. They label members of the stationary equilibrium family, with household preferences
(2.1) and the Taylor rule (2.11) held fixed. The level b scales the rise of inflation from its
lower limit toward zero, and the power v governs the curvature of that rise.

Now we present a family of equilibria based on the two parameters (b, ). The family uses
four constants. Define the auxiliary rate w, the lower inflation limit 7, the amplitude 3, and

the limiting real-rate shortfall ® by

p—w
w=1/p>+2(e — 1)k, <0,
\/ e—1 (3.1)

B=—br >0, =, — (6 — L)

B
I

We impose the following sufficient restrictions for this construction:

0<b<l, 0<v<l, V2o < w,

o 3.2
Br(or—1) <p— 1(1—6)@ o

For any fixed model parameters and for each fixed b € (0, 1), every sufficiently small positive
v satisfies the inequalities in (3.2). The role of each inequality appears below.
For a positive output ratio ¢, defin first the inflation function 7 (¢), real-rate deviation

H(q) =t — m — r™ and auxiliary function F,(q) by

m(q) =x+ B¢,  H(q) =¢,(¢—1)+ (¢« — m(q), (3.3)
Fy(q) = % - ;qu/"” _ - bp ;:)BQ” — H(q). (3.4)

The lower inflation limit 7 is the negative root of pr+r—(e—1)x?/2 = 0.% Under (3.2), Lemma
1 in Appendix A.3 shows that F), is strictly decreasing and has a unique zero u, € (0,1). The
last inequality in (3.2) is exactly that root condition, so the state interval ends at u,, which is

strictly below natural output (¢ = 1). In other words, the state space is given by ¢ € (0,u,).?

The inequality v>® < w makes the drift of the log output ratio log ¢ positive near zero,
which is part of the boundary argument in Appendix A.4. Overall, F}, is positive on (0, u,),

8Choosing the negative root here selects the deflationary family of equilibria.
9In Section 3.1 and Appendix A.4, we show that boundaries 0 and wu,, are not reached in finite time from
an interior point.



where excess volatility is given by

s

o, (q)

R0 -0

1+v (3:5)

which is strictly decreasing on ¢ € (0,u,) as F)(q) is strictly decreasing as well.*°

On this interval ¢ € (0, u,), define the state drift j,, diffusion loading ¢, and candidate

state process by

1n(q) = q[H(q) + 005 (q) + (03(0)*], (@) = qo5(a),

(3.6)
dqr = pin(q)dt + G,(qe)dZy, T =7(q), 0f = UZ(Qt)-

which is equivalent to the exact IS equation (2.16), given r, — ™ = H(q;), which itself is from
the Taylor rule (2.11).

For a twice continuously differentiable test function v, the generator is

Lyp(q) = pa(@)' (@) + ¢y (0)*0" () /2.

Below, E, denotes expectation from a fixed initial value ¢y = g.
The full candidate allocation is LI = L‘Z =L;=L"q, Ch = C’th’j = Ytj =Ci =Y, = ALy
and B! = 0. Productivity follows (2.4), the nominal rate follows (2.11) and symmetric prices,

wages and transfers are

. ¢
Pt = Dr = Poexp (/0 W(qs)dS) ,
wy = ptCtLT_17 Dy = p,Cy(1 — LY").

(3.7)

Individual inflation is 7] = 7(q,), and price-adjustment costs and profits are given by (2.6).

Initial productivity and prices are positive constants.

Proposition 2 (Equilibrium dynamics). The constructed equilibrium family is characterized

by equations (3.3)—(3.6).

o [t satisfies the exact IS equation (2.16), the exzact New Keynesian Phillips curve (2.15),
and the policy rule (2.11).

e The output gap Y = q—1 and inflation m(q) are negative. Excess volatility o} is positive

at every interior state q € (0,u,).

T herefore, aggregate volatility is countercyclical as in Lee and Dordal i Carreras (2026).

10



Proof. Equation (3.6) is already the IS equation (2.16) once r—r" = H(q;), which itself is the
Taylor rule (2.11). It remains only to verify the New Keynesian Phillips curve. Appendix A.3

evaluates the inflation generator after Lemma 1 establishes the state interval ¢ € (0,u,). O

The way we construct this equilibrium family is simple: the volatility function o} (q) is
chosen so that the drift of the power inflation function 7(q) satisfies the non-linear Phillips
curve (2.15). In the IS equation (2.16), precautionary saving offsets the consumption-growth
effect of the negative real-rate deviation H(q).

Excess volatility o, (q) is the diffusion loading of the log output ratio. The loadings of
the ratio itself and of inflation are qo;(q) and Bvq”o;(q). Both vanish as ¢ | 0, while excess

volatility tends to a positive finite limit.

3.1 The invariant distribution

For fixed ¢, € (0, u,), we define the integrated drift-to-variance ratio R,, and normalization
N,, by

R, (q) = /q 2p44(9)

w G2 T (3:8)

and

un eRn (Q)

Ny = | @GF@' (3.9)

Dividing by N,, removes the dependence of the density on the arbitrary reference point gs.

Proposition 3 (Non-degenerate stationary law). The process (3.6) has a unique non-ezplosive
strong solution from every interior initial state. Neither of the endpoints, 0 and w,, is reached
from the interior. It has a unique invariant density

eR”I (9)
nsld) = 75 0<q<u, (3.10)

NnCn(Q)Q’
This density has full interior support (0,w,). From any interior initial state, the state process
(5.6) converges in total variation to the distribution (3.10). Invariant initialization makes the

output gap, inflation and excess volatility non-degenerate and stationary.

Proof. Appendix A.4 proves that the process never exits and that the distribution converges,
using a Lyapunov drift bound and minorization on compact sets (Hairer and Mattingly, 2011).

The scale and speed identities, the Lipschitz extension of the coefficients, and the Girsanov

11



comparison used in that proof are separately provided in Supplementary Appendices S.1, S.2,

and S.3. O]

In Appendix A.4, we show that near ¢ ~ 0, the drift of log g is positive.! Near ¢ ~ u,,
the diffusion loading ¢, (¢) vanishes linearly in the distance to w, and the drift points inward.
We use these endpoint rates to classify the boundaries, and to prove that the process never
exits and that invariant mass is finite. Finally, we prove that the process converges in total

variation to the invariant density (3.10).

For an integrable function v, write E,[¢(q)] = [ ¥(q)¢,.(¢)dg. Inside such an expecta-

S

n(q) are all stationary random variables.

tion, ¢, Y =¢—1, 7m=7n(q), and 0* = 0o

Invariant initialization draws gy from ¢, , independently of future Brownian increments.
In that case, the Phillips curve (2.15), IS equation (2.16), and Taylor rule (2.11) hold at every
date, markets clear, and (37,5, 7, 0}) is strictly stationary. For fixed (b, ), Proposition 3 gives

uniqueness of the invariant law of the process (3.6).

3.2 Properties of the stationary family

The equilibrium functions already constructed in (3.3), (3.4), and (3.6) determine the range
of each observable and whether it rises or falls with the gap. Define the nominal policy-rate
function i(q) = " + ¢,(q¢ — 1) + ¢,7(q) and the real-rate function r(q) = " + H(q). The

supremum of excess volatility oy is given by (3.11).

. \/02—{—2(1+1/)(w/1/+<b)—a
7= 1+v '

(3.11)

Note that ¢° = lim, ¢ 0;(q) = 0;(0). For bounded stationary observables 11 and 1,, write

Cov, (11, 19) = B, [th110s] — B[t |E,[1)o].

Proposition 4 (Bounds and cyclical comovement). At every interior state, the equilibrium

satisfies

—1<Y <u,—1<0, x<m<m(u,) <0, (3.12)

0<o® <o’ - <r—r"<H(u,) <0. (3.13)
Labor, marginal cost and transfers relative to nominal consumption are bounded, with

D
0 <L < L"u,, 0 <mc < au,’, l—ou < — <1 (3.14)

pC
11t6’s formula applied to (3.6) gives this drift as £,(q) = H(q) + o3 (q) + 3(05(9))*.

12



Inflation and both interest rates strictly increase with the output gap, while excess volatility

strictly decreases. Under the invariant law,

Cov,(Y,7) >0, Cov,(Y,0%) <0,

(3.15)
Covy(m, o) < 0.

Proof. Appendix B proves the endpoint bounds and derivative signs. Strict covariance signs
follow from those derivatives and the invariant distribution’s full interior support as claimed

by Proposition 3. [

Any interior state of every constructed equilibrium features underproduction, deflation,
and a real rate below its natural counterpart, i.e., H(q) = i(q) — m(q) — r"™ < 0. Inflation is
procyclical in ¢ and excess volatility is countercyclical. Both comovements compare states

under the invariant distribution at a given date.

Frisch elasticity of labor supply The curvature of labor disutility (Frisch elasticity of
labor supply) 1 moves the state interval (0, u,) without moving the inflation function itself in

this class of stationary equilibria.

Corollary 1 (Labor elasticity at a common state). Holding parameters (b,v) fized, a lower
Frisch elasticity n raises the upper ratio endpoint u, and raises excess volatility o, at every

state q € (0,u,). It leaves the inflation function w(q) at a common state unchanged.

Proof. If m; < mp (my > my), ¢™ " < ¢™ ¥ for 0 < q < 1. (3.4) gives F,,(¢) > F,,(¢). Both
F, (q) and F,,(q) are decreasing in ¢ due to Lemma 1, implying u,, > u,,, and (3.5) proves
the proposition. Equation (3.3) has no dependence on 7. O

Thus, among this family of stationary equilibria, the Frisch elasticity n shifts the invariant
distribution and its domian,'? without moving the inflation function itself.
3.2.1 Expected gap and inflation

For any non-negative real exponent 6, define the invariant moment from (3.10):

/0 " PR, (q)2dg
|G, a) g

0

Mo = ]E*[qe] =

(3.16)

Proposition 3 guarantees that M, ¢ is well-defined.

12Tt also changes the natural level of labor L™. See Appendix A.2.

13



Proposition 5 (Stationary means and drift restrictions). The stationary expected proportional

gap and inflation are
E,[Y] = M, — 1, E.[7] = 7 + BM,,,,. (3.17)

They are strictly negative and strictly between the corresponding endpoint bounds in (3.12).

They satisfy the following exact restrictions:

OyE[Y] + (6r — DE,[7] + 0B, [0"] + ;E*[(US)Q] =0, (3.18)
P[] — £(My o — 1) — 5;11@*[#] ~0. (3.19)

In particular,

E[V] = — . , (3.20)
E,[r] = Z(Mmm 1)+ 52_11@*[79], (3.21)
B [r" — 1] = oF,[0] + ;E*[(US)Q] 0. (3.22)

Non-degeneracy of the invariant density (3.10) also proves:

E.[7] < 1+ B(1+E,[V])". (3.23)

Proof. Appendix A.4 proves moment integrability. The moment formulas follow by integrating
(3.3), and strict concavity of ¢ gives (3.23). O

3.2.2 Long-run distributions and sample paths

Proposition 6 (Convergence without stabilization). From an arbitrary initial point qo €

(0,uy), expectations of bounded variables converge to their invariant expectations. In particular,
lim E,[Y;] = M, — 1, lim Bq[m] = + BMy,.. (3.24)

t—o00

For each bounded measurable state function 1, its time average satisfies

1 T
T/o W(q)dt — E1(q)]  almost surely. (3.25)

14



Nevertheless,

liminf g; = 0, limsup ¢, = w, almost surely. (3.26)
t—o0 t—o00

Consequently, neither the output gap, inflation nor excess volatility has a pathwise limit.

Proof. Total-variation convergence in Proposition 3 implies convergence of bounded expecta-
tions. The ergodic theorem proved in Appendix A.4 gives (3.25). Non-exit properties then
prove (3.26). O

3.3 An occasionally binding effective lower bound

The stationary equilibrium family of Section 3 survives a lower bound on the nominal interest
rate i;. Let i(q) denote the Taylor rule in (2.11), and i*® be a constant effective lower bound.?

The effective policy rate would be given by
iy = max{i®,i(g)}. (3.27)

Along the inflation function, i'(¢) = ¢, + ¢-7'(¢) > 0. Hence, any floor satisfying i(0+) <
i < i(u,) binds below a unique threshold g, € (0,u,) and is slack above it.

The floor introduces a kink in the real-rate deviation 7, — r™. Define

Hp(q) =" =" —n(q), (3.28)
Han(q) = max{H (q), Hp(q)}. (3.29)

with H(q) defined in (3.3). The two functions H(q) and Hg(q) coincide at gap. Replacing H
by Hep, in the formula for F)(¢) in (3.4) gives

w K _, (e=1)B
Fpanla) = & = gy €20

5y 2]/ qy — Helb(Q)- (330)

Equivalently, F}, o, = min{F,, Fp}, where Fp is obtained by replacing H with Hp.

We impose the following additional restrictions:

0<v< 67 i(04) < @™ < i(uy). (3.31)

13The zero lower bound is one such floor when i(0+) < 0 < i(uy,).
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Proposition 7 (Stationarity equilibrium under a effective lower bound). Under the restrictions

in (3.31), F,ab s continuous, strictly decreasing, and positive on (0, u,) with Fy epn(u,) = 0.

o The constructed equilibrium family of Section 3 is still an equilibrium under the effective
lower bound . In (3.3) and (3.4), H and F, are replaced by Hey, and F .

o Excess volatility o, o, follows (3.5), with F,(q) replaced by Fy a(q). It is strictly positive
on (0,u,). The boundary classification of Proposition 3 continues to hold, so both regimes

have positive stationary probability.

Proposition 7 follows by checking monotonicity on the two pieces. On (gemw, uy), Fyy e = F,

which is strictly decreasing by Lemma 1. On the binding interval (0, gerp),

K(m —v)

1512

Both terms of (3.32) are negative under (3.31). The two functions Fz and F), coincide at the
threshold ¢.,. Appendix A.5 provides the details. The boundary classification is unchanged

() = Fh(a) = - s (v ) e (3.32)

2

because the lower bound becomes slack near u,,, while near zero it raises the real-rate deviation
ry — r" relative to the unconstrained Taylor prescription, strengthening the drift of log ¢ away
from the origin.

Since firm optimality conditions contain no nominal interest rate, Proposition 2 continues
to establish the non-linear New Keynesian Phillips curve for the equilibrium family constructed
from F, op. The IS equation holds with r, — ™ = Hep(q;). In sum, the effective lower bound
changes the policy-rate schedule and introduces a kink, but it leaves the upper endpoint and
the continuum of stationary equilibria indexed by v intact.

In a rigid-price economy, our earlier work (Dordal i Carreras and Lee, 2026) also finds
alternative zero-lower-bound equilibria driven by self-fulfilling volatility. If stabilization at a
future date is certain, current excess volatility disappears and a unique equilibrium is selected.
In the stationary economy constructed here, every future date repeats the same policy: the
nominal rate follows the Taylor rule or binds at the effective lower bound, according to the
current state. Under that recurrence, the stationary equilibria persist, and excess volatility

remains strictly positive.

4 Conclusion

Our earlier paper (Lee and Dordal i Carreras, 2026) shows that a conventional Taylor rule

need not uniquely determine the equilibrium of a New Keynesian model, even when it delivers
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local determinacy. This paper asks whether the multiplicity is an artifact of the log-linearized
Phillips curve or a more fundamental feature of the model. We show that it survives the
exact non-linear pricing equation. Holding preferences, the demand block, and the policy rule
fixed, we construct a continuum of stationary equilibria in which the economy persistently
operates below potential, inflation remains negative, and consumption risk generates excess
volatility. The multiplicity is therefore not a consequence of linearizing firms’ pricing decisions:
it persists when the supply side is treated fully non-linearly as well.

The continuum reflects more than differences in steady-state outcomes. Each equilibrium
supports its own long-run distribution of economic activity and inflation, indexed by the
shape of the inflation function. Although the economy continues to fluctuate, its distribution
converges to an invariant density, and time averages converge almost surely. Individual paths,
however, do not settle down: they approach both boundaries of the state space arbitrarily
closely, infinitely often. The same multiplicity persists when monetary policy is constrained
by an occasionally binding effective lower bound, including a zero lower bound under the
condition specified above.

These results establish a continuum of stationary equilibria, not a complete characterization
of all bounded equilibria. They also leave open whether the selection mechanisms developed in
our earlier paper—either a behavioral friction or fiscal policy in a non-Ricardian environment—
can select a unique equilibrium under the exact non-linear Phillips curve. Answering this
question would help determine whether the equilibrium-selection results obtained under

log-linearization extend to the fully non-linear economy.
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A Equilibrium dynamics and stationarity

In this section, we prove the propositions in the main text. Appendix A.1 proves Proposition 1,
deriving both the exact IS equation (2.16) and New Keynesian Phillips curve (2.15). Appendix
A.2 characterizes the benchmark flexible price economy. Appendix A.3 proves Proposition 2.
Appendix A.4 proves Proposition 3.

Appendix A .4 relies on several mathematical properties concerning the general scale and
speed identities, the Lipschitz extension, and the Girsanov comparison. These are derived

self-containedly in Supplementary Appendices S.1, S.2, and S.3, respectively

A.1 Proof of Proposition 1

Household optimization and IS equation. We derive the optimality conditions for an individ-
ual household before imposing symmetry based on variational arguments. A labor change

SLP, offset by dCI' = (wy/p;)0 L with unchanged wealth, gives the utility increment

Wy
Dt Cth

st
ct

_(LhymsLh - [ _ <L?>m1] SLI = 0.

proving the following intratemporal optimal condition:!*

Wy

= (L) (A1)

For the intertemporal condition, we introduce B} for t € [0, T be an adapted, bounded,
absolutely continuous variation in nominal wealth, zero at the endpoints of its time support,
so BY = §Bl = 0. Hold labor fixed, and set 6C!" = (i,0B" — 8,6 B}") /p:, so the household

budget constraint (2.2) is not affected. integration by parts gives the utility variation
T T
E / N SBl — 9,6BY)dt = E / SBI(AEN 1 i et = 0,
0 0
proving

N,h

Nk
t

Equations (A.1) and (A.2) prove (2.13).

Recall that m =1+ 1/7.
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If dC!/Ch = " dt + o "dZ,, Ttd's formula gives

dg™"

Nk
&

[=p = — " + (07" )dt — 07" dZ.

Equating its drift to —i; gives (2.14).1

The IS equation instead follows from the quotient ¢; = C;/Y}", with consumption volatility
0 = o + of. The quadratic terms in its Itd rule are o2dt from natural-output variance and
oodt from covariance, with the latter subtracted. Using the consumption Euler equation

and r" = p + g — o2 gives

dg, _dC, _dyy (dY,ﬁ)Q G, Y}

qt B Cy Y Y, Gy Y

= [rt —p+(69)? — g+ o? —aatc} dt + (o€ — 0)dZ,
— [rt —r"+oo] + (0?)2] dt + o;dZ,. (A.3)

Since dg; = dY;, this is equation (2.16). ]

Firm optimization and the exact New Keynesian Phillips curve. From (2.6), firm j’s real profit

is given by
\IIJ i\ 1—e 7\2 i\ —€
Ps Ps 2 Ps

This is the real-profit flow inside the firm’s objective (2.7). The household definition & = p;&Y

gives & = e *'/C;. In the symmetric equilibrium, market clearing gives Y; = Cy, so

T
& ps PsYs

Let 2z = log(p]/p:) denote firm j’s log relative price. Then

\Z o
= R,
where
2
fi(z,w) = e D2 (1 — ﬂ;) —mcge . (A.4)

The time subscript ¢ on f; records its dependence on aggregate marginal cost. The relative

5Note that this has been similarly proved in Lee and Dordal i Carreras (2026).
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price satisfies dzl = (7] — m;)dt.
For firm j, the control is 7/ and the state is z/. At generic state z, own inflation @ and
costate A,, the normalized current-value Hamiltonian is Ky(z, @, A,) = ff(z, @) + A\ (w — 7).

The first-order conditions before imposing firm symmetry give

)\Jz‘,t = re (VA (A.5)
and
XL, = [pAL, — 0.7 (2l )| dt + dbj. (A.6)

Here )\i”t is the relative-price costate and M7 is its local martingale component. Localize on
finite horizons where the relative price stays in a compact subset of (0, 00) and the stochastic

integrals below are true martingales.

From (A.6), we obtain

—1
0.f7(z,@) = —(e — 1)e V% + emce = + (82)7—6_(8_1)‘2@2. (A7)

From (A.5), we have
A\, = re~ (DA [dwf — (e —=1)(n] - Wt)ﬂgdt} .

Substituting this and (A.7) into (A.6) gives

(sfl)zf

, , —1 ~ —1 . , ,
dr] = |pm] + c e e 5 (m)? — (e — 1)7rt7rg] dt + dMj.  (A.8)
T
Setting 2] = 0, 7] = m, and mc, = g™ yields equation (2.15). O

A.2 The flexible price economy

To obtain the natural allocation, note that for household j and firm j, consumption Cj* is
proportional to pf (pi )7E.
In the flexible-price problem, generic relative price = = p! /p¢ > 0 gives real profit divided by

1=¢ —mcyz~¢. Tts derivative is x°7![(1 — &)z +emcy], positive

aggregate expenditure equal to x
below me,; /o and negative above it. Hence the individual static optimum is x = mc;/a.
Firm symmetry (p{ = p;) yields mc™ = «. Separately, imposing household symmetry on

its intratemporal condition (A.1) and using C; = A,L, gives mc, = L}". Therefore L™ = o'/™,
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Y" = AL™ and (2.10) follows from (2.8). Finally, natural consumption C}* has growth drift

g and loading ¢; its Euler equation yields " = p + g — o>

A.3 The construction domain

The constructed equilibrium family in Section 3 is defined on (0, u,). The next lemma checks
that assumptions in (3.2) produce exactly one w,, with negative inflation and positive excess

volatility on the interval (0, u,).

Lemma 1 (Construction domain). Under the assumptions in (3.2), F,(q) is strictly decreasing
on (0,1) and has a unique zero u, € (0,1). Both 7(q) and H(q) functions'® are strictly

negative on (0,u,), and excess volatility o,(q) is strictly positive on (0, uy).

Proof. Differentiating F, (q) in (3.4) gives

Fi(q) = —qu‘”‘l - (5_21)%”‘1 — ¢, — (¢ — 1)Brg" ' < 0. (A.9)

The endpoint values are F, (0+) = w/v + ® > 0 and

Fy(1) = w() [EETRE g ).

Indeed, (1) = (1 — b)w < 0 and § = —bx give the exact factorization

1b—yb "<1):'0_651“—5)”—5”(%—1)>O.

Therefore, the last inequality in (3.2) is exactly equivalent to F,(1) < 0. The root u,, exists
uniquely and interior volatility is positive. For 0 < ¢ < 1, m(¢) < m(1) < 0. Since ¢, > 0 and
¢x > 1, the gap term in H(q) is strictly negative and the inflation term is non-positive, so
H(q) < 0. O

Proposition 2 asserts that (3.3), (3.4), (3.5), and (3.6) satisfy the exact New Keynesian
Phillips curve (2.15) and the IS equation (2.16) on (0, u,)).

Proof of Proposition 2. Equation (3.6) is already the IS equation (2.16) once r; — 1™ = H(q),
which itself is the Taylor rule (2.11). It remains only to verify the New Keynesian Phillips
curve. The excess volatility o7 (¢) satisfies 007 () + (14 v)(07(¢))?/2 = F,(q). Differentiating

6Recall that H(q) = ry — r™.
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the power inflation function twice and applying 1t6’s formula gives

Pr(v—1)
2
= prq” |H(q) +00,(q) +
v m e—1 v
= wfq” — kg™ — 752(12
e—1

qyizgn(qy
1+v

5 (03(@)°

Lym(q) = Brg” uy(q) +

= pr(q) — k(g™ — 1) — (q), (A.10)

implying that the New Keynesian Phillips curve (2.15) is satisfied. O

A.4 Proof of Proposition 3

Proposition 3 asserts three things about the diffusion process (3.6): a unique strong solution
exists for all time and never reaches either endpoint; the process has the invariant density (3.10);
and the distribution converges to that density from every interior start. The proof proceeds
in nine steps.

The first four concern a neighborhood of ¢ = 0. A path cannot reach the origin (¢ ~ 0) in
finite time. Occupation near the origin is still integrable though, so the contribution of log ¢
to consumption utility has a finite invariant mean. An interior reference point is reached in
finite expected time from its left. A path that starts arbitrarily close to the origin does not
reach that reference point in finite expected time, so the origin is not an entrance boundary.
The next three steps ask the same questions at ¢ = u,. The upper endpoint is inaccessible
from the interior, the invariant mass near it is finite though, and it is an entrance boundary:
a path starting arbitrarily close to u, reaches the interior in finite expected time.

Those seven steps evaluate two standard integrals of a one-dimensional diffusion. Supple-
mentary Appendix S.1 derives them. Scale distance decides whether one point is hit before
another. Speed mass decides how much time is spent near an endpoint, and hence whether
that tail contributes a finite amount to masses. A nested integral of the two decides whether
the process can enter from an endpoint it cannot hit.

The eighth step extends the same coefficients Lipschitz-continuously up to both endpoints,
so the state equation has a strong solution up to the first exit and needs no modification
near the origin. That extension is provided in Supplementary Appendix S.2. The ninth step
produces the pull toward the interior and the overlap of transition probabilities that turn
non-exit into convergence. The change of coordinate and the Girsanov weight used for the

overlap are in Supplementary Appendix S.3; the overlap constant itself is assembled back in
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this proof.

Proof of Proposition 3. The coefficients 1, and ¢, are smooth with positive diffusion in the
interior, giving local strong existence and uniqueness up to exit.

Let £,(q) = py(q)/q — (05(q))?/2 denote the drift of logg. Itd’s formula on log ¢ and (3.6)
yield

tala) = H(g) + 003(a) + 5(03(0))" (A1)

The lower limit ¢y = lim,|o ¢,(¢) is obtained by evaluating each term at ¢ = 0+. Inflation
tends to m, so
H(0+) = ¢y (0= 1) + (¢r — )z = —@

by the definition of ® in (3.1). In (3.4) the two power terms vanish as ¢ | 0, because v > 0
and 14 1/n— v > 0, and therefore F,(04) = w/v + ®. Substituting this into (3.5) produces
o® in (3.11). Hence

%:—@+aﬁ+;wﬂ?

Rationalizing (3.11) gives (1+v)o*+0 = \/02 +2(1 +v)(w/v + ®). Squaring and cancelling
o? yield

14+v, 5 w
V= —+ .
5 () =+

Subtract ® + (v/2)(3*)? from both sides:

oo’ +

Solve the same identity for (5°)? and substitute once more:

w— 2P voo?®

Eozy(1+u) 1+v

(A.12)

The assumption v2® < w and 7° > 0 in (3.2) make the {, strictly positive. Collected,

e \/02+2(1—|—1/)(w/1/+¢)) -0 -

1+v (A.13)

w— 2P voo?®
= > 0.
v(l+v) 14v

lo

Roughly speaking, the positive limit ¢, is what makes the ¢ ~ 0 point repelling. To turn it into

the four conclusions listed above, form the scale integrand of Supplementary Appendix S.1.
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From (3.6), ¢,(q) = qo;(¢) and p,(q)/q = £,(q) + (0(q))?/2, so the scale integrand is

2#?7((]) i 2 1, 2
Gila)?  qlo(q)? @)}

Send ¢ | 0. The bracket tends to ¢y + (5%)?/2 and the remaining coefficient tends to 2/(5%)?.

Therefore

211(q) 200+ (0°)> 14 20y

G2 g g 0 PTGy

> 0. (A.14)

The exponent 7, is exactly the extra unit of 1/¢ coming from the positive log ¢ drift limit.
From (3.3) and (3.1),

H(g) + @ = ¢yq + (¢x — 1)8¢".
Since 0 < v < 1, this is O(¢”). The two power terms in (3.4) are of orders ¢"~* and ¢”, with
m—v=1+1/np—v>0because v < 1. Also H(q) — H(0+) = H(q) + ®. Therefore

F,(q) — F,(0+) = O(qﬂ), ¥ = min(v,m —v) > 0.

Differentiating (3.5) with respect F;,, we obtain

da; B 1

df, o+ (1+v)oy

On [0, u,], F, > 0, hence o; > 0. With o > 0, o + (1 + v)o; > o at every ¢, including its
limit ¢ ~ 0. Thus, the derivative becomes bounded by 1/c, uniformly in ¢ and in F},. Using
the mean value theorem, there exists an intermediate value Fy(q) between F,(q) and F,(0+)
such that!”

s —s F”](q) _Fn(0+)

o,(q) —0° = ; ;
o+ (1+v)os @)

S

o,(q) —o°

< E) - B04)]

The numerator is O(¢”), so 03(q) — a° = O(¢").
The log-ratio drift is £, = H + 00} + (07)?/2. Subtract the limit fo = —® +06° + (7°)%/2:

ly(q) = to = (H(g) + @) + 0 (03(q) — 5°) + ;(Uf,(q) — ") (os(q) +7°).

The first term is O(¢”) and ¥ < v, so it is O(q”). The remaining factors o and o, +0° stay

1"The intermediate point F(g) depends on ¢, and so does the denominator evaluated there.
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bounded near ¢ = 0. Hence £, (q) — £y = O(q?).
Now we return to scale in Supplementary Appendix S.1. From p,/q = £, + (07)?/2 and
Gy = qoy,
20, 20+ (0;)2 L+ 20+ (5°)?
T GO g q(0°)?

Subtract:

2pn(g) 1470 _ 1 (2&7((1) +(05(9)® 26+ (05)2>
(03(q))? (@) )

Gi(9)? q q
( 2x +y%)/y? = 2x/y* + 1 between (£,(q), 05(q))

The parenthesis is the increment of G(z,y) ;0

—~

and ({y,c%). Rewriting gives

2|(Ly — o) (0°)? bo(0° — 0y,)(0° + 0,
Gl = Gt = S )(;>z<<55)2 ) + 7]

The two differences in the numerator are O(¢”). The factors (o, 7° and 7° + o7 stay bounded
near ¢ = 0. As 0,(q) = 0° >0, 07(q) > °/2 for all sufficiently small ¢, so the denominator
is bounded below by a positive constant that does not depend on ¢.!* Hence the parenthesis
is O(¢”). Multiplication by 1/q produces O(g"~1).

The scale density from (S.1.3) is

with the lower limit equal to ¢, so that 5;7((_10) = 1. The lower tail uses 0 < ¢ < q,. Hence

do-eol [ 2404]

Split the integrand into the limit term around ¢ ~ 0 and a remainder:

~ 2#?](@) . 1+
D= @r T §

We know from the above order calculation that e, (§) = O(¢"~') with the same ¢ = min(v, m—

v) > 0. Then [{ |e,| converges, because ¥ —1 > —1. Write

qo 21u B g 1 —+ Yo .. qo » B
C—Z" dj = / —— dg + / ¢, (q) dq.
q n q q q

18The g-dependence of that denominator therefore changes only the implicit multiplicative constant.
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The first integral is elementary:

g | o
[" g = (140 10 L
q q q

The second integral tends to the finite value [j° ¢, as ¢ | 0, because [j ¢, — 0. Therefore

(o) = o (1t wos ™+ [7e,) = (%) e ([ ).

Rewrite the exponential as exp([{° ¢,) exp(— [ ¢,). Notice that the first factor is a positive

constant. The second tends to 1 as ¢ | 0. Collecting the powers of ¢ gives

5,(@) = Cog ™ Pexp (= [Me(@)dd) (A.15)

o
Cs = ¢t exp (/ ¢, (9) dq~> > 0.
0

The exponential term in (A.15) tends to 1, so 5, (q) ~ Cyq~ ' around ¢ ~ 0.

Speed limits can be calculated using (S.1.4). From (3.6), ¢,(¢q) = qo}(q), hence (,(¢)* =
(03())?. Thus

mle) = cn<q>i;7<q> - q2<a§<q>>2 el e (fa).

As ¢ 0, (05(¢))* — (0°)* and the exponential tends to 1, so

2
0—1 _
mn(Q) ~ qu’y 3 C(m - (5_s>205 > 0
Collected, as ¢q | 0,
5,(q) ~ Coqg~ 17, m,(q) ~ Cng™ . (A.16)

Inaccessibility of ¢ = 0. The first conclusion at the origin is that an interior path cannot
reach it. Supplementary Appendix S.1 shows that this holds when the scale distance from an
arbitrary interior point to 0 is infinite. With the normalization s,(¢,) = 0, that distance is

the elementary integral
qo
5,(0) = s,() = [ $(@)dd.
q
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The equivalent s, (§) ~ Csq 1770 and 7y > 0 give

qo 4o C Cg
5/ Cj d(j ~ Cg/ q~*1*"/0 qu — s q*’YO _ q;’}'o ~ 7q*’YO' A17
/q ol g Yo ( ) Yo (A17)
Sending ¢ | 0 sends this remaining scale to +oo. Equivalently [ s, = oo and s5,(q) — —oc.
By the hitting formula (S.1.2), the probability of reaching a neighborhood of 0 before a fixed

interior barrier vanishes. The left endpoint is therefore inaccessible from the interior.

Integrable consumption utility near ¢ = 0. The path never reaches 0, but consumption
utility must remain integrable around the origin. Note that period utility contains log C' =
log A + log L™ + log ¢, and logqg — —o0 as ¢ | 0.

On [u,/2, u,] the logarithm is bounded, and only the left tail can destroy the moment.
Supplementary Appendix S.1 shows that invariant density is proportional to speed mass
log q| m,(q) dg.

First, speed mass itself is [{° m,(q) dg. m,(q) ~ Cng™ ! and 79 > 0 make 79 — 1 > —1,

my,'? so the required integral is [;°

so the integral converges. Finite left-end speed mass is the contribution of (0, ¢.) to N, < oo:

after normalization, that tail is a finite piece of invariant probability.

Because the invariant density is a normalization of speed, [ |logg|m,, is finite if and only
if E,[|logg|] < co. The power 7y — 1 that made speed mass [° m,(q) dq finite can be shown
to absorb this logarithm. To do that, note first that |logq| = o(¢~) as ¢ | 0 for any ¢ > 0.2

Restrict further to € € (0,7) so that |logg| m,(¢) remains integrable: m,(q) ~ Cypg™ "

and

[log g| m,,(q) ~ C(|log gl ¢7) g7~~~

The parenthesis tends to zero, so it is bounded near ¢ = 0, and therefore

[log gl m,(q) = O(g7 ')

with 79 — 1 — & > —1. Therefore [j°

log q| m,,(¢q) dg < oo.

Finite-time arrival from the left. Finite speed mass implies that time spent near 0 is

integrable. Scale has also already ruled out hitting 0 from ¢,. We now go the other way: the

19Tt is given that scale diverges both at ¢ = 0 and ¢ = u,,, the latter of which is to be checked later.
20Fix ¢ > 0 and set t = —logq. Then ¢ | 0is t — 400, ¢~¢ = €', and

|logg| _ ¢
q_5 = E —>0

Hence |log q| ¢° — 0, which is |logq| = o(¢™¢).
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expected time to hit g, starting from ¢ € (0, ¢o) to see whether a path that starts to the left
of an interior point reaches that point in finite time. The limit of that expectation as ¢ | 0 is
then discussed after, where it decides whether the origin is an entrance. The expectation itself
is the unique solution of the generator equation in the scale-speed form of Supplementary
Appendix S.1.

First, the g-process cannot be started at 0, because 0 is not in the state space (0, u,). Then
we place an auxiliary left barrier a with 0 < a < ¢ < ¢,. We then compute the expected time
to leave the bounded interval (a, g,) starting from the interior point ¢,>! and only afterwards
send a | 0. Exit from (a, ¢,) means the first time the state equals a or equals ¢,. Hitting a is
a move left toward 0. Hitting ¢, is a move right to the initial point ¢. If we write b, A b, for

that first exit time, we can define??

. (q) = Eq[ha A h%]- (A.18)

Note that h,(q) is a function of the starting point q.

If the path starts already at a barrier, the exit time is zero, so to,(a) = ,(¢,) = 0. Apply
(S.1.1) to o, along the path and stop at h, Abh,,. On the compact interval [a, ¢, the diffusion
coefficient is bounded, and the stochastic integral becomes a true martingale and has mean

zero. After stopping, v, equals zero at the exit point. Taking [, therefore gives

0 = w,(q) +E, [ [ Lwalan ds] . (A.19)

Equation (A.19) holds if £,t0, = —1 from the definition in (A.18). Combined with the two

boundary values, the generator problem
Lyw,=—1 on (a,q), ,(a) =w,(¢) =0

has a unique C? solution, and that solution is the expected exit time to,(q).

Supplementary Appendix A.4 shows that the scale-speed form gives £,¢) =m0, (' /s).*
Substituting ¢ = w, and L,w, = —1 therefore gives m, 9, (1, /s;) = —1, or

aq (;0/:155))) = _mn(q)'

21Tt then moves continuously inside (a, go).
22The expectation opeator €, means that it is conditioned on the starting point g.
23See equation (S.1.5) in Supplementary Appendix S.1.
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Integrating from a to an interior point x € [a, ¢,|, we obtain

- = _/jmn(y) dy.

sp(x)  sy(a)

Write K, for the unknown constant v, (a)/s, (a). Then

(@) = (@) (Ka = [ my(w)dy).

A second integration from a to ¢, using w,(a) = 0, produces

q

a(a) = Ko(50(0) = 5,(@)) = |5} 2) < / m(y) dy) da. (A.20)

a

The remaining constant is fixed by w,(¢,) = 0:

/aqo 5:7 () (/ax m,(y) dy) dx

5(go) — 8y(a)

K, =

Using the integration by parts, we can rewrite the double integral as

/aq0 5;7(95) (/j m,(y) dy) do = /a% <5n(qo) — 577(9))‘“77(9) dy.

The same identity on [a, ] replaces the second term in (A.20) by [Z(s,(q) — s,(y))m,(y) dy.

Therefore

u(g) = D= () o)) ma )y — [ (310) () malo) . (A2)

5n(¢o) — sn(a) a
The first integral still runs over the whole of (a, ¢,). Split it at the starting point y = ¢:

[ (satae) = syt)myddy = [ (s,0) = sy )my ) dy -+ [ (s4(a2) = 5,(0))m () .

Substitute this split into (A.21). If we write P,(q) = (s,(q) — s,(a))/(s,(¢o) — 5,(a)) for the
y-independent prefactor. Then

wu(0) = Pal0) [ (50() = 5,(0)my(0) i+ Pola) [ (51(0) 00 (v) dy

. (A.22)
— [ (s4(a) = 51(9))moy) dy,

where the subtracted integral has upper limit ¢, not ¢,. Note in (A.22) that the only surviving

29



piece on (g, ¢o) is the middle integral, whose integrand is P,(q)(s,(¢.) — s,(y))m,(y).
On (a, q) the first and third integrals are both present. The first supplies

Pa(g) (5(0) — 5y(y) )y (v),

and the third subtracts (s,(¢) — s,(y))m,(y). The net coefficient of m,(y) is therefore

(8(q) = sy(a))(84(q0) — 5y(y)
B (—sn<a> ) o~ ot0)
e [0~ @) (00~ 500) ~ () — 0 (0 )]

_ (54(00) = 50(0)) (s0(3) = s0(@))

5y(g0) = 8y(a)

The factor s,(¢.) — s,(¢) does not depend on y, so it leaves the integral. The contribution

of (a,q) is therefore

Su(to) — 5n(a) [ (sulw) = s4(@))my () .

5n(¢o) — 8y(a)
Adding the (g, ¢,) contribution already recorded gives

ou(a) = =2 [0, 0) =30 () dy + 2D [ (a0 8 0) ()
(A.23)

The two prefactors are the hitting probabilities from (S.1.2): (s,(qo) —,(¢))/(5,(q5) — 8,(a))

is P,(h, < by.) and (s, (q) — s,(a))/(5,(q) — 5,(a)) is Py(hy, < b,). The first integral runs

over states to the left of the start, the second runs over states to the right. Each integrand is

remaining scale from that side’s absorbing barrier, weighted by speed.

Now send the auxiliary left barrier a to 0, still starting from the same interior q. We already
know s,(a) — —oo, which sends the probability of hitting a before ¢, to zero, so b, A by,
increases to b, . In the second prefactor P,(q) = (s,(¢) — s,(a))/(s,(qo) — 8,(a)), since both
the numerator and the denominator are dominated by —s,(a) — 400, P,(¢) — 1. The second
integral does not depend on a, so the second term of w,(g) tends to [°(s,(q.) —5,(y))m,(y) dy.

The first term in (A.23) contains s,(a), meaning that we have to be careful in taking the
limit a | 0. Write (2, q) = [Im,(y) dy for the inner speed mass and apply the integration
by parts to the first integral:

/aq(ﬁn(y) — 5n(a))mn(y) dy = /aq s (2) M(z, q) d=.
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The identity s,(q) — s,(a) = [ 5, (2) dz makes the ratio of these two integrals the s -weighted
average of M( -, q) on (a,q). The first term of (A.23) is therefore

Jis,(2) M(2, q) d=
Ja sy(2) dz

59(do) — 54(9) /aqgg(z) M(z,q)dz = (5n(qo) _577(‘1)>

5y(g0) = 8y(a)

Pa(‘])'

Finite left-end speed mass above implies M(z, q) — [fm, as z | 0, and 0 < M(z,q) < [§m,
for every z € (a,q). Because s, is not integrable at 0,2* the probability measure with density
s,(2)/ J&s, on (a,q) puts vanishing mass on any interval [d, ¢] as a | 0. The weighted average
thus sees only values of M(z, ¢) with z near a, hence tends to [ m,. Together with P,(q) — 1,
the first term tends to (s,(q.) — 5,(q)) J§ m,. After the limit, s/ is no longer present: it was
the weighting density, not a surviving factor. The left-hand side t,(q) = E,[h, A b, ] increases

to E,[h,,] by monotone convergence. Collecting the two limits yields

Eqlhe.] = (517((10) - 57](‘1)) /Oq m,(y) dy + /qqo (577(%) - 5n<y))mn(y) dy. (A.24)

Both pieces are finite for each fixed g € (0, ¢q,): left-end speed mass is finite, remaining scale
from ¢ to ¢o is finite, and the second integrand is continuous on the compact interval [q, ¢.].

Thus ¢, is reached in finite expected time from every interior start to its left.

The origin (¢ = 0) is not an entrance boundary. The above proof is about the expected
time to go from a fixed interior start ¢ to the interior reference ¢,. We now solve the opposite
question: can a path that begins arbitrarily close to 0 reach ¢, in finite expected time? The

process cannot be initialized at ¢ = 0, so the question is the limit
limE,[b,]- (A.25)
ql0

If it is finite, ¢ = 0 is an entrance boundary: the state can come from 0 into the interior and

hit g, in finite average time. If the limit is infinite, it cannot enter from 0 in finite time.?

We send ¢ | 0 (A.24). The first part is the product

(51(2) = 5,(@)) [ ") dy.

The remaining scale term s,(g.) — 5,(¢) was already computed in (A.17): 5,(q.) — 8,(q) =

#n (A.16), =1 — 59 < —1.
25Note that this is not the earlier unattainability test, which asked whether a path starting at ¢, can hit 0.
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Jie s, ~ (Cs/v)q™ . Finite speed mass near 0 and m,(y) ~ Cuy™! give

q T Cn
/ m,(y) dy ~ Cm/ Yy dy = —q".
0 0 Y0

The product of these equivalents is

%q_’yo . %q’yo — CﬁCm —= 2
Yo Yo % Y5()?

using Cp, = 2/((5°)2Cs). Thus the first piece in (A.24) tends to a finite positive constant. It
cannot decide whether the limit of E,[h, ] is finite.

The second piece is [ (s,(¢o) — 5,(y))my(y) dy. The integrand is non-negative. Sending
q 4 0 thus enlarges the domain of integration monotonically to (0, ¢,). Monotone convergence
yields
. qo qo
lim / (50(a0) = 8y(1) ) my () dy = /0 (50(0) = 55(y) ), (v) dy.

ql0

Using s,(¢0) — 5,(y) = [, 5,, the limit can be written as

[ matw ([ 5@ da ). A26)

The limit of the expected hitting time (A.25) is finite if and only if the nested integral (A.26) is
finite, because the first piece stays bounded. If the nested integral diverges, then E,[h, ] — oo
as q | 0. Starting closer to 0 makes the expected clock from the left endpoint to g, arbitrarily
long.

The inner integral is the remaining scale already computed in (A.17), which is asymptotic

to a multiple of y~7°. Multiplication by m,(y) ~ Cy™ ' cancels v, in the exponent:

m, () /yqo 5,(q) dg ~ Cmf("jzﬂo‘ly‘70 BENEDE T
where the last equality uses Cyy, = 2/((5%)2Cs). The integral [ y~! dy diverges logarithmically,
so the nested integral is infinite and E,[h,, ] — oo as ¢ | 0.
The origin is therefore inaccessible from the interior, and the expected time to enter from it
is infinite. In the boundary classification of Helland (1996, heorem 8), that pair of conclusions
is a natural boundary.?® Finite left-end speed mass is compatible with it: occupation near 0

can be integrable while the entrance clock is not.

26In Lee and Dordal i Carreras (2026), we classify the stabilized path as a natural boundary in the case of
martingale equilbria.
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Now we show that at the upper endpoint ¢ = u,, the same nested integral converges, and

it becomes an entrance rather than a natural boundary.

Inaccessibility of ¢ = u,. The same three questions discussed above are now asked around
the upper end ¢ = w,, which is the unique root of F;, in (0,1) from Lemma 1. Around ¢ = u,,
we write in local coordinates, i.e., the distance w = u,, — ¢ > 0. As ¢ 1 u,) we check, in order,
that scale distance from an arbitrary interior point to u, is infinite, that speed mass near u,,
is finite, and that the nested entrance integral from w, down to g, converges.

We begin with the volatility root (3.5). At ¢ = u, one has F,(u,) = 0, so o, (u,) = 0.

Rationalize the numerator, we obtain

_ 2F,(q)
Vo 201+ v)Fy(g) + o

o,(q)

(A.27)

The mean value theorem supplies ¢, € (g, u,) with F;,(¢) = F}(q.)(q — u,) = —F} (q) (uy — q).
Lemma 1 proves Fé < 0, so —Fé(q*) > 0. As ¢ T u,, the intermediate point g, tends to u,

and the denominator tends to o + 0 = 20. Therefore

s — 15 (up) £ (uy)
On(Q) ~ %(UW_Q) :§U(Un_(])a Su = _WTTI > 0.
The diffusion loading in (3.6) is (,(¢) = go;(q). Since ¢ — uy,
CU(Q) ~ ungu(un —q). (A.28)

The drift is p,(q) = q[H(q) + 007 (q) + (05(q))?]. Excess volatility o7(q) vanishes at the root,

and ¢ — u,, so
fin(q@) — pu = ug H (uy). (A.29)

Lemma 1 proves H < 0 on (0,1) and u,, € (0,1), hence p, < 0: near w,, the drift points back
into the interval.

The scale integrand is 2,/ Cf]. Write w = u,, — q. The functions F;,, H and the excess
volatility in (A.27) are C? near uy inside (0, 1). Fy(u,) = 0 give F,(q) = F (uy)(qg—uy)+O(w?).
With ¢, = —F)(uy)/o and ¢ — u, = —w, we have F,(q) = og,w + O(w?), meaning F,(q) =
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O(w). The denominator in (A.27) therefore starts at o:

Vo2 +2(1+ ) Fy(q) = a% + W
(1 +v)F(q9)

=04+ — 2 4 O(w?)
o

=0+ O(w).

Adding o gives \/02 +2(1+v)F,+0 =20+ O(w). At w = 0 this is exactly 20, and the
error is the order of w. Substitute into (A.27):

= 264(q) 20w +0(w?) w + O(w?
— \/‘72+2(1+V)F71(q)+0 N 20 + O(w) = quw + O(w?).

o,(q)

With this, ¢,(¢) = qo;(q) is given by
Gr() = (uy = w) (suw + O(w?)) = uygw + O(w?),
which is consistent with (A.28). Squaring gives

Gr(0) = uzspw’ (1+ O(w)),

n(q) = (i — w) [ H(uy) + O(w)] = pto + O(w),
which is consistent with (A.29). Therefore

2n(q) Q(ﬂu + O(w)) _ Gy _ o 2p
CngQ)Q a u727<5w2(1 + O(w)) o w? " O(w 1)’ Cu= upsy

Since 24,(¢)/¢,(q)* + Cu/w* = O(w™), we must have \, satisfying

)
QTun

il — o [(2(0) Cu Y _ iy 2n(@) @ + CuGy(a)”
M= il =) <Cn(Q)2 i (Un_Q)2> i Colq)?w

meaning that 2,(q)/¢,(q)* around ¢ ~ u, can now be written as

2p(q) G A,
@2 (—qp Tu—g TP (A.30)




where p,(q) is small, bounded on a left neighborhood of w,,.

For ¢ > ¢, the scale density is

Fix an interior point ¢; € (¢o, u,). Because the integral from ¢, to ¢; is a constant, we consider

the integral from ¢; to q. On (g1, q), substituting (A.30), we obtain

92y dq 7 dq a
di=c, [[—% ), N—/ (d) dd.
T CQ q (un —q)? a Uy — (¢ ¢ pul@) dg

The first integral is 1/(u, —q) —1/(u, — ¢1). The second becomes — log(u, — q) +log(u, —q1).

The third converges to a finite limit as ¢ 1 u,, because p, is bounded. Therefore

q9 C,
/ 5 g =~ +Au10g(un—fJ) + Ku(q),

where K,(q) tends to a finite limit K, (u,—). Exponentiating gives

5,(9) = Coulq) (uy — g) exp luncz Q] ’

where

Co(q) = exp (— /q QC’“;”d + Ku(q ))

which converges to a finite limit Cs,, > 0 as ¢ T .

Observe that

Un Cu Cu o _
/ exp[ ]dq:/exp[]dw:/ e“ 72 dt = o
Uy — ¢ 0 w

and the exponential dominates the power (u, — ¢)*. Therefore [, s = 0o and s,(q) — +00

as ¢ T u,. By (S.1.2), the probability of hitting a neighborhood of u, before a fixed interior

barrier vanishes. The upper endpoint is inaccessible from the interior.
Finite invariant mass near ¢ = u,. Infinite scale distance has just shown that wu, is not

accessible from the interior. The contribution of a neighborhood of u,, to the normalizing

constant N, is the speed mass of that neighborhood, again by Supplementary Appendix S.1.
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Here, we show that this tail is finite. Speed is m, = 2/((2s;). Insert {7 ~ uzc? (u, — q)*:

)727)%

Cy 2
mn(Q) ~ Cm,u(”n —q ] )

= > 0.
Uy — ¢

€xp | — mau —
’ 22
[ ungucﬁ,u

The exponential now decays as ¢ T u,. With w = u,, — ¢, dw = —dg:

/u,, m,(§) dj ~ C /u,,—q w2 exp [—Ou} dw. (A.31)
q 0 w

Differentiate ®(w) = w™* exp(—C,, /w),
' (w) = (Cu — )\uw) w2 AuemCu/w
For small w one has C,, — A\,w # 0, so

o —Cujw . P(w) P(w) 1 ~ P(w)
e Wil M B s Wy 7e A P io) (1+0w)).

w
The integral in (A.31) from 0 to W = u,, — ¢ thus becomes
W 1w W
/ w2 el gy = C—/ ' (w) dw +/ P’ (w) O(w) dw.
0 w Jo 0

The first integral is ®(W) — ®(0+). As w | 0, exp(—C,,/w) dominates every power of w, so
®(0+) = 0. The second integral satisfies

w w w
/0 &' (w) O(w) dw| < K/O w @ (w) dw < KW/O o' (w) dw = KW &(W)

for some finite K, because ®' > 0 for all sufficiently small w. Therefore

W s (W) W Au C
2=y ,—Cy/w _ — _
/0 w e dw = o (1 + O(W)) - exp ( W) (1 + O(W))
The upper limit W = u,, — ¢ therefore gives
Un C C
m, (§)dG ~ Cyi(u, —q) M ex [— “ ] , C,,=—%>0. A .32
[ @)~ Cuslny — ) exp |- = (232

In particular the tail is finite for every ¢ < w,, so the upper-end contribution to [V, is finite.
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The upper endpoint is an entrance boundary. Inaccessibility and finite speed mass
still leave open whether a path can be thought of as entering from w,. As we have shown for
the origin (¢ = 0), the entrance clock is the expected time to reach the interior reference g,
now starting from ¢ € (go, u,), and then the limit of that expectation as ¢ T w,. A finite limit
means u, is an entrance. Similar to (A.24) and based on the scale-speed representation in
Supplementary Appendix S.1, we can show by sending the right barrier b 1 u, and passing to
the limit that

Eylb] = (s(0) = sy(@)) [ my@)dy+ [ (s,00) = s(a))myw)dy. (A33)

qo

The first piece is remaining scale from ¢, to ¢ times the speed tail from ¢ to u,. With

5,(0) — sa(a0) = [ (@) da.

qo
we fix ¢ € (¢o, u,) as above. The integral from g, to ¢; is a finite constant. On (¢, ¢) we use

57 (G) ~ Coul(uy — 4 exp[Cy/(uy — )] and w = u, — g, to obtain

[ sh@dan o [ e en | .
q1 Un—(q w
The integrand explodes as w | 0. Set Z(w) = w***2 exp(C,/w). Then
C
= (w) = w —1 (A +2)w — C,,
() = wexp | 22| ((+ 2w - C,),

hence w* exp(C, /w) = Z'(w)/((Ay+2)w —C,,). For small w the denominator is —C,, +O(w),
and the definite integral from W = u, — ¢ to the fixed w, — ¢ is therefore
W/\u+2

[ e - :<CW> (1+0m) =2 e ] (Lroom)

up to a W-independent constant from the upper limit. Remaining scale is therefore

Cﬁ u OU
C’ (u, — @)™ exp [ ] .

sy(q) — 5y(qo) ~

The speed tail already computed in (A.32) is

Uy Cu
/q m,(y) dy ~ Cy.(u, — q) ™ exp [— ] .

Uy — g

37



The product of these two equivalents is

“n C uCu,*
(5n(q) —5n(qo)) /q m, ~ 507(% —q)2 — 0.
The constant piece of remaining scale, times the same tail, is O((u, —q)~* exp[—C,/(u, — q)])
and also tends to 0. Thus the first piece of E,[h,.] tends to 0.
The second piece is [ (s,(y) — 5,(¢o))my(y) dy. The integrand is non-negative. Sending

q T u, enlarges the domain monotonically, so by monotone convergence,

tim [ (5,(5) = so(a0))ma(w) dy = [ (50(0) = syla0))myls)dy.  (A34)

QTun 4o Qo

Write s, (y) — 5,(¢.) = [, 5,(2) dz and apply the integration by parts,

/: m,(y) (/:5;7(»2) dz) dy = /(:n 5;7(,2) (/Zun m,(y) dy) dz.

The inner tail [*" m,(y) dy is asymptotic to C,, 4(u, — 2)~* exp[—C,/(u, — z)]. Multiplication
by the scale equivalent s] (2) ~ Csy(uy — 2)* exp[+C., /(u, — 2)] cancels the two exponentials
and the two powers \,:

() [y — CouC,

which is bounded and integrable on a neighborhood of u,. Hence the integral (A.34) converges.
Combined with the vanishing first piece, limgyy, Eq[bg,] is finite: a path that starts arbitrarily
close to u,, reaches ¢, in finite expected time. Together with inaccessibility from the interior
and finite speed mass, u, is an entrance boundary. Neither endpoint is accessible from the
interior.

The same two scale integrals also fix the invariant density. Supplementary Appendix S.1
shows that every non-negative stationary density of this diffusion has the form ¢ = m, (Cytatr —
js,). The constant j is a probability current: the rate at which probability flows past a point.
With s,(07) = —oo and s,(u, ) = oo, the only viable current j is j = 0, implying ¢ = Cyarmy,
with Cgiar > 0

Lipschitz coefficients and a strong solution. The above integrals around endpoints (0
and u,) show that neither boundary is hit from the interior. A strong solution on the whole
state interval (0, u,) still requires the coefficients 1, (q) and ¢,(q) to remain Lipschitz as those
boundaries are approached, so that the process does not have to be altered or truncated.
The only possible obstruction is ¢ | 0. Supplementary Appendix S.2 shows that the extra

factor of ¢ in y1,(q) and ¢, (q) expressions (3.6) restores bounded derivatives at the origin, and
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therefore that 1, and ¢, extend Lipschitz-continuously to [0, u,]. Local strong existence and

uniqueness therefore run up to exit, even if the exit time is infinite.

Recurrence, Lyapunov control and ergodicity. The above endpoint integrals classify
the two boundaries and, find the invariant density.?” In order to finish the proof of Proposition 3,
we need to prove that the process produces a drift that pulls the ¢-state back from both tails,
and the overlap of transition laws makes the distribution forget its starting point. Those two
ingredients are constructed here. Together, they give a unique non-explosive strong solution
for all time, convergence in total variation from every interior start. The overlap part relies
on the fundamental results of Supplementary Appendix S.3.

A Lyapunov function V(¢;) is a scalar test function of the state ¢, that becomes large at
both endpoints and whose generator is negative when V(¢;) is large. If such a function exists,
V(q;) itself is likely to fall when the g-path is near 0 or u,.?® The process is effectively pulled

back from the tails on average, which is an input for global non-explosion.

Think about this candidate Lyapunov function:
Vsi(@) = a7° + (uy —q) ™" (A.35)

Both summands are continuous, and strictly positive on (0,u,). As ¢ {0, ¢7° = +o0. As
q T uy, (u, — q)~% — +o0. A continuous function on an open interval that diverges at both
endpoints attains a global minimum at an interior point. Pick any ¢, € (0,u,) and choose
e > 0 small enough that Vs, > Vs1(¢.) on (0,¢] U [u, — €, u,). The restriction of Vs to the
compact interval [e,u, — €] attains its minimum, and that value is the global minimum on
(0,u,). As both summands are positive, so the minimum is positive. Hence Vs, is bounded
below by a positive constant. Its sublevel sets {Vs, < n} are closed subsets of [, u, — &,]
for some ¢, > 0, therefore compact in (0, u,). We impose the restriction 6 < 7o, where 7 is
defined in (A.14). This assumption will make the lower-end generator ratio strictly negative.
Any k > 0 works at the upper end, because the inward drift will send the ratio to —oo as we

show below.

We now calculate the geneator of each component in (A.35) using L) = pyt’ + (29" /2.
Start with 1(q) = ¢:

Lya™ _ pla) | 6(0+1),
q_5 = —0 q + 9 ( (Q)) :

2TThe invariant density is identified once diverging scale rules out a non-zero probability current.
28This is the Foster drift (Meyn and Tweedie, 1993, Theorem 3.1).
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By definition £, (q) = uy(q)/q — (03(q))?/2,% hence p,(q)/q = £y(q) + (05(q))?/2. Insert this:

(o5(a))”. (A.36)

Now for the second function ¥(q) = (u, — ¢) 7", first write w = u,, — ¢, and then we obtain

‘Cn(un - q>7k - k:un(q) i k(k + 1)@7(‘])2.

(uy —q)~" B Uy — q 2(uy — q)2 (A.37)

The generator is linear, so
LyVsp = £nq_6 + Loy(uy — )"

Write V_ = ¢~ and V; = (u,, — ¢)~*. Then

ﬁnV&k - ﬁnV_ ‘ V_ n ‘CUV+
V(S,k Y V_+ V. V_+ V.,_'

Near zero, V; — u,; ¥ and £,V stays bounded, because (u, —¢)~* is C* on a neighborhood

of 0 inside (0, u,). Also V_ — 400,50 V_/(V_-+V;) = 1 and (£,Vy)/(V-+V;) — 0. Hence

Envék(Q) 0% 2
—————= — —0ly+ —(0°)°,
Vsk(q) D) (@)

where we know that £,(q) — ¢o from (A.12). Rewrite the limit with vo = 2¢,/(°)*

oy 8@V (o 2 6P
—5f0+5(0) = (5— (53)2> = (6 = 0).

The assumption 0 < § < 79 makes this limit strictly negative.

Near g ~ u,, the roles reverse. V_ and L£,V_ stay bounded, while V; — +o00. The limits
in (A.28) and (A.29), i, — p, < 0 and ¢, ~ u,S,(u, — q), give
L,Vs(q) N kg k(k+1) 5 5

UG-
Vs.x(q) Uy —4q 2 K

The first term tends to —oo and dominates the finite second term. Thus the ratio for the full

Vs, tends to minus infinity at w,,.

Choose neighborhoods of 0 and of u,, on which the ratio is at most —cy for some ¢y, > 0.

29Recall that £, (q) is the drift of log g, defined in (A.11).
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Then £,Vs, < —cyVsy there. On the remaining compact subinterval both Vs, and £, Vs
are continuous, so £,Vs i + cyVs, is bounded above by a finite constant K. Combining the

two regions yields the Foster inequality (Meyn and Tweedie, 1993)
EUV&;@(Q) < —CVV(s,k(q) + Ky. (A.38)

These constants, ¢y, and Ky, can depend on primitive parameters of the process. The additive
Ky, term absorbs the compact middle of the interval, where the process need not be pulled.
The negative multiple of Vs, is the pull in the two tails.

The process has a unique strong solution only up to the first exit from (0, u,). Localization
turns the Foster inequality into a bound that prevents that exit. Because Vs, is continuous
and proper, the set {Vs; > n} lies in a pair of neighborhoods of 0 and u, and does not meet
a fixed interior compact. Let 7, be the first time Vs (¢:) equals a positive integer n, and fix
a horizon T' < co. On [0, 7,,] the path stays in a compact subset of (0,u,), where p, and ¢,
are Lipschitz and Vs, is C? and bounded. Apply (S.1.1) to ¢ = Vs

dVsi(q) = LoyVsi(ar) dt + Gy(a) Vs (ar) dZy.

Integrate from date 0 to the stopped time T A 7,,:

TNATh, T ATy,
Vsi(qrar,) = Vsr(q) +/0 L,Vs1(qs) ds +/0 Co(5) Vs (as) dZs.

On [0, 7,,] the state remains in a compact subset of (0, u,). There ¢, and Vj, are continuous,
hence bounded. The integrand of the stochastic integral is therefore square-integrable on
[0, 77, so that integral is a true martingale and has mean zero under E,. Taking expectations

leaves only the generator integral:

T AT
Eq [Vé,k(C]T/\Tn)] = Vsi(q) + Eq [/0 LV i(qs) dS] :

The Foster inequality (A.38) implies £,V5(q) < Ky at every interior state, since Vjx(q) > 0.
The integrand is therefore at most the constant Ky, and the length of the integration interval

is at most 7"
TNy, TNTn,
/ L, Vs i(qs) ds < / Kyds = Ky(T AN1,) < KVT,
0 0

implying
IE:q [Vé,k<QT/\‘rn)} < V&k((]) + KVT
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Interestingly, on the event {7, < T} one has Vsx(¢.,) = n, so
nPy(r, <T) <E, [Vé,k<QT/\Tn)} < Vsi(q) + KyT.

Thus
Vsr(q) + KT

n

IEDq(Tn < T) <

With n — oo, the right-hand side tends to 0, and P,(7, < T) — 0 for every finite 7". The
explosion time 7, = lim,, 7,, is thus infinite almost surely. But Vs diverges at both endpoints,
SO Two is also the first exit from (0, u,), implying that exit cannot occur in finite time. The
local solution therefore exists for all ¢ > 0, and the pathwise uniqueness already obtained up

to exit extends to every finite horizon.

We can also obtain the expected Lyapunov bound. Apply (S.1.1) to the product e Vs 1 (g:).
The ordinary product rule and the generator produce the drift

eV (Vi) + LyVsn(a)).

The Foster inequality (A.38) is exactly cyVsy + £, Vs < Ky. Stopping at t A 7,, again makes

the stochastic integral a martingale, so

tATh K
Eq [QCV(tATn)Vé,k<Qt/\Tn>:| S V&,k(q> + KVEq |:/0 elvs d8:| S V@k(Q) + CV (ecvt . 1)
%

Send n — oo. Almost sure non-explosion gives t A7, — t and gr,,, — ¢;. Fatou’s lemma passes
the expectation to the left-hand side and yields E,[e™"Vs .(¢:)] < Vsx(q) + (Ky/ey) (et —1).
Multiply by e~¢vt:

B, Viala) < ¥ Vaale) + 2 21— ). (A.39)
The expected Lyapunov value therefore stays finite at every finite time, and it is bounded
uniformly in ¢ by Vsx(q) + Ky/cy.

We now turn to convergence of the distribution of ¢ again. While Lyapunov control pulls
the process back from the tails on average, that pullback alone does not give nearby interior
starts overlapping successor laws, so the distribution might not forget its initial condition.
Harris recurrence (Hairer and Mattingly, 2011; Hairer, 2018) supplies the missing ingredient:

besides the Foster bound, it requires that overlap.

30Note that this result is consistent with the scale classification above, where infinite scale distance already
makes both endpoints inaccessible from the interior.
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A set C' is small, in the sense used below, if the one-step kernel from every point of C' is

bounded below by a common positive multiple of a single probability measure v:3!

P,(ga € A) > cv(A) for every ¢ € C' and every Borel A. (A.40)

The interpretation of (A.40) is straightforward. After one sampling step (A), two trajectories
that both sit in C' can be coupled onto the v-component with probability e, and from that
instant they can be driven by the same process, ensuring that each return to C'is a chance to
forget the exact interior location. Together with the Foster inequality that makes such returns

occur with uniformly integrable waiting times, the memory of the initial state is erased.

That guarantees uniqueness of the invariant probability and convergence in total variation.
Without the overlap construction, Lyapunov pullback alone could still permit two interior

basins that never mix.

The candidate small sets C' are Lyapunov sublevels {Vs, < R}. Properness of Vs makes
every such sublevel a compact subset of (0, u,). Fix one sublevel C' and enclose it in a strictly
larger compact interval I C (0,u,). On I, the loading ¢, is continuous and bounded away
from zero, because o, > ¢ > 0 and ¢ stays away from both endpoints. Note that the larger

interval [ is used only as a room in which paths may wiggle.

Now we define killing. A path is killed at the first exit from I (or from its image I, below),
when we discard the process from that time onward and no longer record its position. The
killed transition density at time A is the sub-probability density of being at an interior point
without having left the interval: it equals the ordinary density times the indicator that the
path stayed inside throughout [0, A]. Its integral over the interval gives the probability of no

exit, which is strictly less than one.??

Supplementary Appendix S.3 passes to the Lamperti coordinate x(q) = [ ¢~ L on the
interval I just fixed, removes the state dependence of the diffusion coefficient, and identifies the
killed physical path measure with the killed Brownian measure reweighted by the exponential
martingale Ea. It produces a constant e > 0, which depends only on A, C' and I, such that
EA > e¢ on surviving paths with endpoints in z(C'). The remainder of the argument stays on
the g-axis and turns that bound into another constant ec defined below.

Write p°(A, z,y) for the killed Brownian transition density on I,: the density of occupying

y at date A and of never having left I, on [0, A]. It factors as the free Gaussian times the

31The inequality (A.40) does not imply that every start in C' has the same successor law. It says that those
laws share a common lump of mass ¢, distributed exactly as v, with leftover mass 1 — ¢ that may still depend
on the start.

32Note that the true process is not killed. It may leave I and return.
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probability that the Brownian bridge from z to y in time A stays inside I,:
P°(A, z,y) = (2mA) 712 exp(—(y — x)2/(2A)> -P(bridge from z to y stays in Im). (A.41)

On the compact product z(C') x x(C) the Gaussian is continuous and positive. The distance

|y — x| cannot exceed the diameter of z(C), so the Gaussian is at least
eq = (27A) 71/ exp(—diam(x(C))?/(24)) > 0.

The second factor in (A.41) is the probability that the path stays in I, conditional on the
endpoints (z,y). That conditional process can be described as the Brownian bridge from z to
y in time A, which is free Brownian motion on [0, A], restricted to the event {Wa = y} when
Wy = x. The standard decomposition separates a deterministic segment from a mean-zero
fluctuation. Let W be a free Brownian motion starting at 0, and set o5 = Wy — (s/A)Wa.
Then 09 = oA = 0, and the bridge is
s

A(y—x)+as, s € [0,A].

X =x+

The first two terms trace the straight segment from z to y. o, is a standard Brownian bridge
from 0 to 0. Its law does not depend on the endpoints (z,y).

The interval I, is one-dimensional. Write it as a compact interval [, 3]. The set z(C)*
lies in a strictly smaller compact sub-interval, because C' was enclosed in the interior of I.
Hence there is a gap d > 0 such that every point of z(C') lies in [a + d, § — d]. The segment
joining any z,y € z(C) is the ordinary interval between them, so it remains in [a + d, 8 — d]

as well. If sup A |05 < d, then

a<x+%(y—x)+as<5 for every s € [0, Al

so the whole bridge stays in I,. Therefore

IP’(X"H?/ stays in Iw> > ]P(sup los| < d).
s<A
The right-hand side does not depend on (z,y). It is positive because a continuous process
pinned at 0 at both ends remains in (—d, d) on a compact time interval with positive probability.

Call that probability e, > 0. The same d and the same o work for every pair in z(C) x z(C),

33Recall that z(q) is the Lamperti coordinate. z:(C) is the set of all z-values of ¢ in C.
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so the lower bound is already uniform. Hence
P°(A,x,y) > egepy =167 >0 (A.42)

for all z,y € z(C).

As mentioned above, Supplementary Appendix S.3 changes pure Brownian motion into

the Lamperti process z(q) = [/

path is multiplied by the exponential martingale 5. Note that the lower bound in (A.42)

(- 'dq using Girsanov’s theorem: basically, each surviving

is for the killed Brownian density p°(A, x,y) of dr = dW until exit. We convert p° into the
killed Lamperti density p*'!(A, z,y) of dz = b(x) dt + dW until exit, which is the density for
the physical z-process, and characterize its lower bound.

On surviving paths, dQpnys = Ea dP. Therefore the sub-probability of occupying y at date
A without having left I, is

PU(A, 2, y) dy = Bp [ Lsscdyno exin€a] = Ep[€a | 24 =y, no exit| p°(A, z,y) dy.

The conditional expectation is an average of £o over Brownian bridges from x to y that stay
in I,. On every such path £o > ¢ as shown in Supplementary Appendix S.3, so the average

is at least e¢. Hence
PN(A, 2, y) = Ep {5A | A =y, nO exit} P(A z,y) > e p’(A, 2, y) > ece® (A.43)

uniformly for x,y € x(C'). Because the true Lamperti process on z-axis is not killed, any path
that leaves I, and returns is counted by the true density and ignored by the killed density, so

the true a-density is at least p*il.

Now that we have the lower bound in (A.43) for the true and killed Lamperti density,
we easily transform it to the ¢g-coordinate. Transforming the density from = to g multiplies
by the Jacobian 2'(¢) = 1/(,(¢). If p, is a density in the xz-coordinate, the corresponding
g-density is py(qo, q) = pa(2(q0), (q))/C,(q). On C the loading ¢, is continuous and positive,

hence bounded above by some (- < oo, and

1 1
> —>0.
c

Q/(Q) G

Therefore the true ¢-transition density p,(A, o, q) obeys, for every g, q € C,

PN(A, 2(q0), z(q)) , g€
Q](Q) (o

Pe(A, q0,9) = —:e¢ > 0. (A.44)
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The lower bound e¢ is the product of the Girsanov lower bound &g, the killed Brownian lower
bound &° and the reciprocal of the maximal loading on C. It depends on A, C' and I, but
not on the starting point inside C. Integrating (A.44) over AN C gives

P,(ga € A) > ec Leb(ANC), (A.45)

or equivalently P (ga € A) > eLeb(A) with € = e¢ Leb(C).
The sampled Lyapunov bound follows from (A.39) at time A:

K
E,Vsr(aa) < € Via) + =2 (1= e™v2),
Cy

evA ig strictly smaller than one, and the additive constant is finite.

The contraction factor e~
Combined with (A.45), it is Assumptions 1-2 of Hairer and Mattingly (2011), implying that
the process has a unique invariant probability and converges to it in a weighted total-variation
norm. Finally, the mixing condition (A.45) implies ergodicity, so the ergodic theorem gives
almost-sure time averages for the integrable observables just considered (Hairer, 2018).

]

A.5 The effective lower bound

Proof of Proposition 7. Differentiating the Taylor prescription gives i'(q) = ¢, +¢.0vg” ™' >0
on (0, u,). Hence i(04+) < i(u,), and a floor strictly between them is attained at exactly one
gev € (0,u,). For ¢ < gem, i(q) < i°®, so Hp(q) > H(q) and the floor i°"® binds. For ¢ > gen,
Hgp(q) < H(q). At Gew, i(ge) = i is H(gew) = Hp(qem), 0 He, and F,, o, are continuous.
On [Gem, Uy], Fy e = F,,. Lemma 1 gives that this function is strictly decreasing, positive
on [gem, ty), and zero at u,. On (0, gan), Han(q) = Hp(q) and Hg(q) = —7'(q) = —Brg" .
Differentiating (3.30) therefore produces (3.32). The first term is negative because x > 0,
£ > 0 and m > v. The second term is also negative because 0 < v < (¢ — 1)/2 from (3.31).
Therefore, Fj is strictly decreasing on (0, gap,). Since Hg > H there, Fz < F, on (0, ge),
and the two functions agree at ¢.,. A continuous function that decreases strictly on each of
(0, gen) and [gemw, u,y| decreases strictly on (0, u,]|. Its only zero is u,, so Fa, > 0 on (0, u,).
The volatility root (3.5) with F, o > 0 in place of F;, is therefore positive on the interior.
The resulting drift and diffusion agree with the unconstrained coefficients on (gei, u,). At
the single interior kink both one-sided derivatives are finite, so the coefficients are locally
Lipschitz on (0,u,). Near zero the floor binds, and Hep,(0+) = i — " — 7 is strictly larger
than H(0+) = —®. Effectively, the real rate r; gets closer to the natural rate 7™ than without
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the lower bound.

In (A.12), this replaces ® by the smaller shortfall r™ +m — ®®®. The maintained restriction
12® < w keeps the limiting drift strictly positive, and that drift points away from the origin.
The upper endpoint is untouched. The conclusions of Proposition 3 therefore apply to the
censored state equation, and the strictly positive invariant density assigns positive probability
to both (0, ge,) and (e, ty)-

m

B Stationary equilibrium properties

This section proves Proposition 4 and Proposition 5. First, Proposition 4 records the signs of

the stationary observables and their comovements.

Proof of Proposition 4. From Lemma 1, 0 < ¢ < u, <1, 7(¢) < 0 and H(q) < 0. From (3.3),

m'(q) = Brg"t >0, H'(q) = ¢y + (¢= — )7 (q) > 0,
i'(q) = ¢y + o' (q) > 0, (07)(q) = p— (1Fi7|—(1q/>)08(q) < 0. (B.1)

Thus the limits at zero and u, prove (3.12) and (3.13), with H(0+) = —®, 0,(0+) = ¢° and
oy(uy) =0. Then L = L"q, mc = aq™ and D/(pC) =1 — agq™ prove (3.14).

The gap ¢ — 1 and inflation 7(q) are strictly increasing in ¢, while excess volatility o7 (q)
is strictly decreasing. Each function is bounded on (0, u,). Under a law with strictly positive
density, the covariance of two strictly increasing functions of the state is strictly positive, and
the covariance of a strictly increasing function and a strictly decreasing function is strictly

negative, proving (3.15). O
Proposition 5 then converts the invariant density into mean formulas.

Proof of Proposition 5. Proposition 3 proves 0 < N, < co. For every 6 > 0, ¢’ is bounded
on the state interval, so (3.16) is finite and equals E,[¢?]. Integration of ¥ = ¢ — 1 and (3.3)
gives (3.17). Full interior support and the strict pointwise bounds imply strictly interior
means. Under stationarity, if ¢y is drawn from the invariant law, then ¢r has the same law

for every T'. Hence,

E,[log gr] = E.[log qo).
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The drift of the log ratio is the bounded function

bfa) = H() +003(0) + 5 (03(a)

and its diffusion loading o, (q) is bounded. Thus,

T T
logar —logay = [ ty(@)dt + | o3(ar) dZ. (B.2)

The stochastic integral is square-integrable, with second moment bounded above by T'(5%)?,

and therefore has zero expectation. Taking expectations in (B.2) yields

E, [log QT] - E*[log Q()] =E, [/OT én(Qt) dt] :

The left-hand side vanishes by invariance of the law of ¢;. Since the integrand is bounded,

Fubini’s theorem and stationarity imply
0= TE*VW(Q)]?

so that E,[¢,(¢)] = 0.>* Substituting the definition of H establishes (3.18).

For m(q), the drift in (A.10) is bounded, as is the diffusion loading Sv¢”o;(q). Consequently,
the stochastic integral in the integrated inflation equation is also a square-integrable martingale
on every finite time horizon. Since 7(q) itself is bounded, taking expectations of the integrated

equation under invariant initialization gives

0=TE, |pr(q) — x(¢" — 1) — (q)*|

2

which establishes (3.19).
Equations (3.20), (3.21), and (3.22) are rearrangements of these identities. First, since

H(q) = ¢y(q—1)+ (¢ —D7(q) and  r(q) =7"+ H(q),
we have

E*[H<Q)] = beE*[?] + (¢7r - 1)E*[7T}'

34Note that this condition is an invariant-average restriction on the drift £,(g), not a pointwise condition
requiring £, (q) = 0 at every state.
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Equation (3.18) is simply the condition E, [/, (q)] = 0, written as
s 1 s\2
]E*[H<Q)] + O-]E*[U ] + iE*[(U ) } =0.
Since ¢, > 0, solving for the mean output gap yields (3.20). The same condition also implies

E.[r" —r(q)] = —E.[H(q)],

leading to (3.22). With o;(q) > 0 in the interior, while the invariant density is strictly positive
there, both E,[0°] and E,[(c*)?] are strictly positive.

Equation (3.19) is already linear in E,[7]|. Dividing by p > 0 and isolating this expectation
yields (3.21). Finally, because 0 < v < 1, the function ¢ — ¢” is strictly concave. Since the
invariant law is non-degenerate, strict Jensen’s inequality gives

M,, < My

7,1

establishing (3.23). O
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Supplementary Appendix

Proposition 3 states that the output ratio ¢, in (3.6) never leaves (0, u,), features the invariant
density (3.10), and converges to the stationary distribution from every interior point g. While
Appendix A.4 proves the statement, three blocks of the proof rely on diffusion calculations
that are not special to the New Keynesian coefficients, and those calculations are separately
explained here for clarity.

In specific, Supplementary Appendix S.1 first derives the scale function, the speed density,
and the stationary Kolmogorov forward equation. The proof in Appendix A.4 then evaluates
the resulting integrals at ¢ ~ 0 and at ¢ ~ u,), and uses the range of the scale function to pin
down the probability distribution. Supplementary Appendix S.2 shows that the drift and
diffusion of (3.6) extend Lipschitz-continuously to the closed interval, which is the input to the
strong-existence part of the proof. Supplementary Appendix S.3 constructs the unit-diffusion
coordinate and the Girsanov weight used in Appendix A.4 minorizes transition probabilities

on a compact interior set. Each section explains the step of Appendix A.4 that consumes it.

S.1 Scale, speed, and boundary tests

The stationary density in (3.10) is the normalized solution of the forward equation for (3.6).
The boundary tests in Appendix A.4 are integrals of the scale density and of the speed density
of the same diffusion. In this section, we derive both densities, and the Kolmogorov forward
equation, from Ito’s formula.3’

The state follows (3.6) up to exit from (0, w,). For a twice continuously differentiable test

function ¢, 1td’s formula and the generator defined after (3.6) give

d(qe) = Ly(ge)dt + Co(@) V' (@) dZy. (S.1.1)

The generator L, = pyt)’ + (3" /2 is the drift of 1(g;). A scale function, s,, is a strictly
increasing C? function that satisfies
L5, = 0.

Strict monotonicity makes s,(q) a possible coordinate change on the state interval (¢g-axis):

distinct output ratios receive distinct scale values, so the g-axis can merely be relabeled.?¢

35The actual numerical values of the endpoint integrals are computed in the proof in Appendix A.4, not
here.
36Tts name, scale, means this relabeling.
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Substituting ¢ = s, into (S.1.1) cancels the drift,

dsy(qr) = Cy(ar)s,(q:)dZy,

so §,(¢:) is a local martingale. In the original coordinate the state still has drift p,. In the
scale coordinate the same path is driftless. This driftless property allows us to calculate the
hitting probabilities derived next, which are given by ratios of scale distances. Appendix A.4
specializes those ratios to the endpoints of (0, u,).

Fix generic barriers 0 < a < ¢ < b < u,, where a and b are state levels. Write b, for the
first time the state ¢; equals a starting from ¢, and b, = b, A hp. On the compact interval
[a, b] the processes s,(q:) and (,(q:)s,(g:) are bounded up to b, so the stopped scale process

is a true martingale. Optional sampling at b, yields

5,(q) = 5,(a)Py(ha < bp) + 5,(b)Py(hy < ba).

The two probabilities sum to one, and therefore the hitting probability is given by a ratio of

scale distances:

sn(b) — 5y(q)
Py(ha < bp) = s (S.1.2)
! sy(b) — 8y (a)
If 5, (a) = —o0 as a ] 0, then for each fixed interior b the probability of hitting a before b
vanishes. If s,(b) — 400 as b T u,, the probability of hitting b before a fixed interior a likewise
vanishes. Thus, infinite scale distance from an interior point to an endpoint is necessary and
sufficient for that endpoint to be unreachable in finite time.
The ratios in (S.1.2) are evaluated once an explicit scale function is available. The equation
L,s, = 0 is the first-order ODE p,s, + (¢2/2)s; = 0. Wherever s, # 0, it rearranges as

5@ 2u(q)
s7,(q) Gr(q)?

The left-hand side is 9, log 5, . Integrating from the interior reference ¢, in (3.9) and imposing
s,(¢o) = 1 gives the unique positive scale density s, = e Rn. The associated scale function,

normalized by s,(¢-) = 0, is thus given by

(S.1.3)
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Any other strictly increasing solution differs by a positive affine transformation, which cancels
in (S.1.2). With this normalization, s,(a) — —oc is exactly [ s, = oo, and §,(b) — +00 is
o6, = 0o. We verify these two conditions in Appendix A.4.

Note that the scale function does not record how long the path spends near each point.
Hitting concerns only the order of visits. In contrast, in order to obtain an invariant probability,
we need to consider occupation: even if an endpoint is never reached, for example, the process
may linger nearby and pile up mass, or pass quickly and leave negligible mass.?”

That weight is the speed measure, with Lebesgue density m,. For a Borel set A C (0, u,),
the integral [, m,(q) dq is the speed mass of A, and it is proportional to the expected calendar

time the path spends in A. To get the formula for m,, we start from s, /s, = —2u,/ Cg . Then

1 20
O, =) =22,
(&)=

For any C? test function 1,

Multiply by ¢2s)/2:

Define speed as

2
= S.14
mn<Q> CW(Q)25%(Q) ) ( )
which leads to:
_ Lo (¥
fo-La (L), 619

This is the scale-speed form of the generator. We can write a similar identity in the coordinate
y = 5,(q) instead of q. Set ¢¥(q) = g(y) and Y; = 5,(q:). Then ¢’ = ¢'s}, so ¢'/s, = g" and
0,(¢'/s5,) = 5,9". Therefore /
I
Ly =2y

n
The coefficient is identical to the It6 generator of Y. Indeed dY; = (,(q:)s,(q:)dZ; and (S.1.4)

37 Appendix A.4 uses this occupation weight to decide whether a path that starts arbitrarily close to an
endpoint reaches an interior point in finite expected time.
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give

my
0 Y 1 / 2 " 5;7(61) "
L g(y) = 5(@((1)%(@!)) 9"(y) = n0)? (y)-
U

Define mY such that £Y g = ¢"/m"":

1 s(q 1 , 2

mY (y) m:(q) = 5(@1(@)%(‘]))

Inverting produces

Y m,(q) 2

m(y) = — = 5
(0 (608 (a))
With this, if a positive measure has Lebesgue density m, on the g-axis and y = s,(¢), then
we have dy = s, (q) dg and

/Amn(cJ) dq:/ﬁ(A) m” (y) dy (S.1.6)

for A C (0,u,). Note that even if written in different spaces, both sides of (S.1.6) are speed

mass.38

Recall that scale removes drift. Speed, by contrast, restores the clock that this relabeling
distorts: where (,s is small, one unit of y-Brownian time consumes a large calendar time, so
m,, becomes large.?” To see this, start from the fact that by (S.1.1), £,1(q) is the instantaneous
mean change of ¥(g;) when the state equals ¢q. If ¢; has a Lebesgue density ¢, then

LBl = [ (L) v da

A stationary density makes the left-hand side zero for every compactly supported . From

the scale-speed form (S.1.5), £,% - m,, is an exact g-derivative, so

/0"’7(57@)%7 dg = /Ou 9, (5) dg =0

n

3 Note that neither m, nor mY integrates to one yet.
39For compactly supported C? test functions 1) and ¢ vanishing near the endpoints, we also have

/ (L) by dg = / " (L) oy da.
0 0
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whenever 1) vanishes near the endpoints. Every multiple of m,, therefore keeps these expecta-
tions still. When [;"” m,, is finite, dividing by that total mass produces a probability density,
and the probability of a Borel set A is the fraction of calendar time a long path spends in A.

Substituting the scale density in (S.1.3) into (S.1.4), we obtain:

2 2eRn(a)
mn(Q) = Q,(q)2€_RTI(‘Y) = Cn(q)2 .

The integrand of N, in (3.9) is thus m, /2. Finite total speed mass is the same statement as
N, < oo, and the factor two cancels if one normalizes m,, to a probability.*”

The pairing shows that every multiple of m,, is a stationary candidate. The forward equation
then lists every feasible stationary density. It starts with the evolution of the law of ¢;. Write
©,(t, q) for a smooth density of the current state on (0,w,). Then E[L,1(q:)] = [(L,) v, dg.
Differentiating E[t)(¢)] in calendar time also gives [ Oy, dq. Integration by parts against
compactly supported test functions converts the identity into the Kolmogorov forward, or

Fokker-Planck, continuity equation given by

Oron(t, @) = —04jlwnl(t, q),

. (S.1.7)
j[@n] = Hn¥n — 5@((}3%)-

The current j[¢,] is the net probability flux through ¢g. On the open interval the identity is
the evolution of the law up to exit.
A stationary density is time-independent, so J,j = 0 and the current equals a constant j.

The stationary forward equation is therefore the first-order identity

ial@)e(@) — 50460V e(@) =

If the current vanishes with j = 0, this rearranges as 8(1((,27(,0) = 2/, or

dy108(¢y(0)’p(a)) = i’:g;;? :

Integrating from ¢, gives Cﬁ(p o< e®n. Therefore, the zero-current member of the list of density
is a multiple of e®/(?, hence a multiple of m,).
For a non-zero constant current j, the same first-order ODE becomes inhomogeneous. The

above j = 0 solution €™/ C}? is already known, so write every candidate as that profile times

40Tnfinite scale distance is sufficient for unattainability, and the entrance test is the nested integral of (S.1.3)
and (S.1.4). Both belong to the Feller classification in Helland (1996, Sections 2 and 5, Theorem 8).
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an unknown function x of the state,

o(q) = D¢, (q)x(q).

Here y is the C'! multiplier that remains after the homogeneous solution has been factored out.
If x is constant, we recover a multiple of m,. If x varies, it accounts for j # 0. Differentiating

the product (2o = ¢y and using 9, R, = 2u,/C} gives

0g(Cp) = €™ (i@”x + x’) :

Substituting into the stationarity condition yu,p — (0,(¢3¢))/2 = j, the terms that contain x

cancel, and what remains is

1 Ry ! :
_ o = 3.
Hence \' = —2je 7. But e R = s, 80 X' = —2j s, and

x(q) = Co — 2js,(q)

for an integration constant Cy. Therefore ¢ = (e™7/ ¢2)(Co —2jsy). Since m, = 2¢eRn / (7, this

(P(Q) = mn<q) {Cstat - j5n(q)} ) (818)

with Csay = Co/2. The speed density m,, is positive on (0,u,), so the sign of ¢ is the sign of
Cstat — J 5y. By construction s,(¢,) = 0 and s, > 0, so s, is continuous and strictly increasing
and takes every value between its endpoint limits. If those limits are oo, i.e., 5,(0%) = —oc0
and 577(“5 ) = 00, a non-zero j makes Cyay — j 5, change sign and ¢ cannot stay non-negative.
It is verified in Appendix A.4, meaning that only j = 0 solution, i.e., (3.9), is viable.

These properties are the input to the boundary arguments of Appendix A.4. Infinite scale
distance from an interior point makes the corresponding endpoint inaccessible. Finite speed
mass near an endpoint makes its contribution to NN, finite, and therefore makes consumption
utility integrable when log-consumption varies with logg. The nested integral of scale and
speed constitutes the entrance test: it diverges at ¢ = 0 and converges at ¢ = u,. After those
integrals are in hand, the same proof returns to (S.1.8) and rules out a non-zero j, because

the scale function constructed here tends to —oo at the origin and to +oo at u,.
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S.2 Lipschitz extension of the state coefficients

The boundary classification in Appendix A.4 describes the behavior of (3.6) near end-points 0
and u,. The recurrence argument there also applies Itd’s formula to a Lyapunov function that
diverges at both endpoints. Both steps require the drift ;1,, and the diffusion loading ¢, to
extend Lipschitz-continuously from (0, u,) to the compact interval [0, u,]. This section checks

whether that extension is allowed. The coefficients are already C'*° on the open interval.

The only obstruction is ¢ | 0. Differentiating (3.4) gives (A.9):

oy Kkm=—v) . (-8B v—1
Fl(q) = S — ¢ — Sy — (& — 1)
The exponent v — 1 is negative as 0 < v < 1. Thus F}(¢) may tend to —oo, and (o) diverges
with it. The state coefficients f1,(q) and (,(¢), however, always carry an extra factor of ¢. By
multiplying (A.9) by ¢, we get
km—v) ., (-1)p

qF(q) = g, g4 by~ (9r = 1)Brg”.

The shape restrictions give m — v > 0 and v > 0, so every power on the right-hand side tends
to 0. Hence ¢F)(q) — 0. The same holds for H(g). From (3.3), H'(q) = ¢, + (¢= — 1)Bvg" ™",

and
qH'(q) = ¢yq + (¢ — 1)frg” — 0.

The volatility derivative can be obtained via the chain rule through F,. As in the lower-tail
expansion of Appendix A.4, do, /dF;, = 1/(o + (1 +v)o}), so

F(q)

_ q¢F(9)
o+ (1+v)oy(q)

+(1+ V)Uf](q)'

;o qlon)(q) = -

The denominator is at least o > 0, and the numerator tends to 0, so q(o;)(¢) — 0. The

function (o7)" itself may still be unbounded. Only the product with ¢ remains finite.

Now differentiate the state coefficients. Write p,(q) = q[H(q) + 00} (q) + (a;;(q))Q]. The

product rule gives

1 (q) = H(q) +o03(q) + (03(q)* + ¢H'(q) + 0 q(0}) (@) + 203 (q) a(0}) (q).-

Send ¢ | 0. The first three terms tend to —® + 05° + ()%, which is finite. The remaining

three terms each contain a factor ¢H’ or g(o;)" and tend to 0, using o; — &°. Therefore
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pir,(04) exists and equals —® + 06° + (6°)*. For the diffusion loading (,(¢) = qo;(q),

G (@) = 0,(q) +q(o;) (q).

The first summand tends to ¢° and the second to 0, so (;(0+) = o°. In particular both

one-sided derivatives at 0 are finite.

At the upper endpoint u,,, no divergence problem appears. The root u, lies in (0, 1), where
F, is C*, and o > 0 keeps \/02 +2(1 4+ v)F, smooth in a neighborhood of u,, inside (0, 1).

Thus o3, p, and ¢, are all C" up to u,. The derivatives py, and ¢ are therefore bounded on

the compact interval [0, u,|. The mean value theorem then makes y, and ¢, Lipschitz there.
The proof of Proposition 3 uses this extension twice: local strong existence and uniqueness
run up to exit from (0, u,), and the Lyapunov function of the recurrence argument may be

differentiated at states arbitrarily close to either endpoint.

S.3 Lamperti coordinate and Girsanov comparison

Let us return to the recurrence argument in Appendix A.4, at the point where a Lyapunov
sublevel C*! has been enclosed in a strictly larger compact interval I C (0,u,). This section
changes coordinates on I. In the new coordinate, Girsanov’s theorem (Karatzas and Shreve,
1991) supplies the Radon-Nikodym derivative of the physical law relative to Brownian motion,
and that weight becomes bounded below on paths that remain in 1.

On I, the diffusion loading ¢, is continuous and bounded away from zero, but it depends
on ¢q. The Lamperti coordinate (Iacus, 2008, Section 1.11.4) removes that state dependence.

Let g, € I be the interior reference point already used in (3.9), and set
¢
2(q) = | (@) dq.
4o

Then 2'(¢q) = 1/¢,(q) and 2"(q) = —¢/(q)/¢,(g)*. On I, the map g — x(q) is a C? diffeo-
morphism onto a compact z-interval I,. Write z(C') = {z(q) : ¢ € C} for the image of the
sublevel. The map is continuous and strictly increasing, so z(C') is a compact subinterval of
the interior of I,,. It is the same set of states as C', read on the unit-diffusion axis rather than

on the g-axis. Write z; = z(q;). 1td’s formula gives

dry = 2'(q;) dg; + ;IL‘//(Qt)Cn(Qt)2 dt = (ZZE;]:)) - ;C%(%)) dt + dZ;.

“1Tn Appendix A.4, a candidate C is a sublevel of the Lyapunov function (A.35), {Vsxr < R}. Properness
of Vs ;, makes the sublevel a compact subset of (0, u,).
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The diffusion loading becomes identically one. The remaining drift is a function of the current

z-state. Define

b(a) = 248~ 5 o)

evaluated at the unique ¢ € I with z(¢q) = z. Continuity of y, and C* regularity of ¢, on [

make b continuously differentiable on I,. Thus, while the path remains in I,

which is Brownian motion plus a drift. Note that with b(z,) present, the transition density of
(S.3.1) on I, is not a Gaussian, so its strict positivity is still unknown. (S.3.1) with b(z;) =0
is Brownian motion on I, implying its transition density is a Gaussian and is strictly positive
between interior endpoints. That is where Girsanov’s theorem (Karatzas and Shreve, 1991) is
useful as it removes b(z;) by reweighting that Brownian path measure. Under the reweighted

measure the paths follow (S.3.1).

Reweighting Let W be a Wiener process on the z-axis. Define P as the law (i.e., probability
measure) of x, = xy + W, stopped at the exit from I,.*> Deinfe Qpnys as the physical law of
(S.3.1) stopped at the same exit. Girsanov’s theorem allows us reweight P so that the new
paths solve (S.3.1), and we use uniqueness to identify the reweighted measure with Qppys.

Under P-measure, the process is z, = x¢ + W, until exit.** On compact I, b is bounded,
so Novikov’s condition (Novikov, 1972) holds under P and

E = exp (/Ot b(zs)dW, — ;/Ot b(z,)? ds)

is a true martingale under P, with Ep[€a] = 1. The quadratic correction —% [ b7 is the Itd term
that removes drift from &, itself. Indeed, if Y; = [§ bdW —3 [§ b?ds, then dY = bdW — b2 dt
and (dY)? = b%dt, so

1
d&, = e¥ dY; + 5er(dy;,f = &b(xy) dW,.

Thus, € is a local martingale under P.** Boundedness of b upgrades the P-local martingale to

a P-martingale. If we construct another measure Q defined by dQ = Ea dP, then Q becomes

42This stopped path is called the killed process in Appendix A.4. The position is no longer recorded from
the first exit of I, or of its image I, The same exit stops Qpnys-

43Note that the physical shock Z is not used on this space.

44Note that it is not a local martingale under Qphys-
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therefore a probability measure on path space.

Note that the definition dQ = Ex dP does not by itself declare any process to be Brownian
motion under Q. It only changes how paths are counted. Lévy’s characterization (Karatzas
and Shreve, 1991, Section 3.3, Theorem 3.16) is then used to check a candidate for Brownian
motion under dQ. Write

Wt =W, — /Ot b(zs) ds.

Recall that quadratic variation is calculated path-wise, and does not depend on measures.
Subtracting a finite-variation integral does not change it, so [W, W], = [W, W], = t under
both P and Q. Continuity is likewise path-wise. Therefore Wis a Q-Brownian motion as
soon as it is a Q-local martingale.

A process N is a Q-local martingale if and only if the product N& is a P-local martingale
by construction. Note that W is Brownian motion and d&, = &b(x;) dW; has already been
obtained under P. The product rule for Wté’t gives

d(W&) = &(Wib(xy) + 1) dWV,

implying that WE is a P-local martingale, which in turn implies Wis a Q-local martingale.
Combined with [W, W], = ¢, Lévy gives that W is a Q-Brownian motion.
Under P, we have dx; = dW,. Substituting dW,; = AW, + b(z;) dt thus gives, under Q,

dl‘t = b(l’t) dt + th

until exit from [,. Thus, every Q-typical path solves the same killed SDE as the physical
process (S.3.1). On I, the drift b is C!, hence Lipschitz, so (S.3.1) has a unique weak solution
(Karatzas and Shreve, 1991, Proposition 3.20).%° Thus, Q = Qpuys, implying

Qphys(A) = Ep {1A5A]

The Radon-Nikodym derivative dQpnys/dP is the constructed factor £a. Equivalently, the
killed physical law (Qphys) becomes the killed Brownian law (P) multiplied by Ea. The killed,
drifted transition density of (S.3.1) then equals the killed Brownian (Gaussian) density times
the conditional expectation of £ given the endpoints. A strictly positive lower bound on Ea
along surviving paths with endpoints in z(C') will therefore transfer a lower bound from the

Brownian density to the drifted density.

45At this stage Q is only a constructed measure. It will eventually be identified with Qphys-
46Under unique weak existence, any two measures on paths under which the process solves the same SDE
must be the same measure.
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Let B be an anti-derivative of b, so that B'(z) = b(x) and B"(x) = b'(z). On a surviving
reference path and under P-measure, 1t6’s formula applied to B(x;) uses dzr, = dW; and
(dx,)? = ds:

1 1
dB(zs) = B (xs) das + 5%"(%) ds = b(xs)dWs + gbl(xs) ds.

Integrate from 0 to A:

A

B(a) — B(w) :/ b(ws)dW5+;/(]A b (x,) ds.

0

Solve for the stochastic integral:

A 1 A
/ b(z) AW, = B(s) = Blao) = 5 [ b'(x,) ds.
0 0
Substitute this identity into the exponent of Ea:
A 1 A 1 A
/ bdW — f/ b7 ds = B(aa) — Blao) — 5 [ [b'(x,) + b(z,)?]ds.
0 2 Jo 2Jo
Therefore
L& 2
€ = exp | Blra) = Blao) — 5 | [6/(2,) + b(x,)?]ds | . (S.3.2)

On paths that start and end in z(C') and never leave I, the likelihood function Ex in
(S.3.2) is bounded below by a positive constant e¢. Indeed, 98 is continuous on the compact
1., so

B(za) — B(zg) > —2 sup IB|.

T

b’ + b? is also continuous on I, hence bounded by some finite M. The time integral over an

interval of length at most A is therefore at most M,A, and*”
En > exp(—2sup IB| — M[,A/2> =:eg > 0.
e

Appendix A.4’s equation (A.43) uses this bound. It multiplies e¢ by a strictly positive lower
bound on the killed Brownian density between endpoints in z(C'), changes variables back to

the output ratio ¢, and obtains the minorization constant - on the original sublevel C.

47The right-hand side depends on A, C and I only through the compact I.
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