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What we do

[ Standard non-linear New Keynesian model ]

Ja price of risk coming from

A

Aggregate volatility 1 == precautionary saving T = aggregate demand |

Endogenous Endogenous Endogenous

Takeaway (Self-fulfilling volatility)

In macroeconomic models with nominal rigidities, Jglobal solution where:

@ Taylor rules (targeting inflation and output) — Jself-fulfilling apparition of aggregate
volatility

o Only direct volatility (e.g., risk premium) targeting can restore determinacy
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Why it's important

New Keynesian models are widely used for policy purposes:

@ New equilibria with endogenous aggregate volatility processes — implications for poli-
cymaking (growth targeting)

o Can generate extremely persistent processes for output gap deviations

@ How? Strong complementarity in household actions, e.g., paradox of thrift

Welfare costs of the business cycle:

o Additional volatility costs

o First-order costs: stationary mean of output gap can be below its natural counterpart
(in the global solution)
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A textbook New-Keynesian model with rigid price
The representative household’s problem (given Bp):
o L .
IEO / efpt IOg Ct -t dt s.t. Bt = itBt - ﬁCt + WtLt + Dt
Le}eso 0 1+

Ft_ 1
Ui

= max
{Bt}t>0.{Ct,

where
@ B:: nominal bond holding, D; includes fiscal transfer + profits

o Rigid price: p = p for Vt (i.e., purely demand-determined)
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A textbook New-Keynesian model with rigid price

The representative household’s problem (given Bp):
o L .

IEO / efpt IOg Ct -t il dt s.t. Bt = itBt - ﬁCt + WtLt + Dt
0 1+ ﬁ

s = max
{Bt}e>0{Ce.Lt} 50

where

@ B:: nominal bond holding, D; includes fisca¥transfer + profits

Endogenous

o Rigid price: p = p for Vt (i.e., pure <l
volatility

demand-determined)

A non-linear Euler eq% (in contrast to Iog—linearW
dC . dC,
]Et <Ttt> = (It 7p)dt+ Vart (?:)
%/_J
N Precautionary premium

Endoggnous . . . . .
drife  Aegregate volatilityT = precautionary saving? = recession (the driftt)

\ v

Problem: both variance and drift are endogenous, is Taylor rule enough?
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A textbook New-Keynesian model with rigid price

The representative household’s problem (given Bp):

1+1
) L, :
t = max ]EO/ e P llog Gt — —-— | dt s.t. By = itBr—pCr+wele+ D:
{Bt}t>0{Ce:Lt} 50 0 [
where

@ B;: nominal bond holding, D; includes fiscal transfer + profits

@ Rigid price: p; = p for Vt (i.e., purely demand-determined)

Intra-temporal optimality:

Transversality condition:

(1)
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A textbook New-Keynesian model with rigid price
Firm i: face monopolistic competition 3 la Dixit-Stiglitz with Y/ = AL} and
dA:

Fundamental risk

@ dZ;: aggregate Brownian motion (i.e., only risk source)

@ (g,0) are exogenous

Flexible price economy as benchmark: the ‘natural’ output Y’ follows

d\/t,7 _ n 2
Yo —<r p+0>dt+c7dZt
dA
= gdt +0dZ, = =%
Ay

where r” = p + g — ¢ is the ‘natural’ rate of interest
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Non-linear IS equation

~ Y; Y/ 2 Y,
Ye=Int, (a)zdt:Vart (d—ﬁ> (O’—I— af) dt = Var; (Q>
Yi A Y{ A Yi

4 Benchmark volatility / Actual volatility
Exogenous Endogenous
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Non-linear IS equation

~ Y, dyy 2
Yt:In—Z, (g)zdt:Vart (7[5), (U+ 0’?) dt = Var;
Y{ 2 Y{ A
4 Benchmark volatility / Actual volatility
Exogenous Endogenous

A non-linear IS equation (in contrast to textbook linearized one)

New terms

1
dYt: iy — I’n7*<l7'+ (7? )2+ (7_2 dt + 0'1_? dZt

1
2 K 2
EI’[T

)

What is ] 7: a risk-adjusted natural rate of interest (c51t==r |
t ) t t

1 1
rtT =r"— 5 (L+ af)2 +§U2

Precautionary
premium

9/23



Non-linear IS equation

Big Question

Taylor rule it = r" + ¢, Y; for ¢y > 0 = perfect stabilization?

Up to a first-order (no volatility feedback): Blanchard and Kahn (1980)

@ ¢, > 0: Taylor principle =—> Y: = 0 with o§ = 0 for Vt (unique equilibrium)

Why? (recap): without the volatility feedback:

dVe = (ir —r")dt +0idZ; = ¢, Vedt+0idZ;
Under
Taylor rule
Then,
]Et (dyt) = (Pth.
If Y #0,

lim E¢ (Ys) — do0

S$—00

o Foundation of modern central banking
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Now, with the non-linear effects in (2)
Proposition (Fundamental Indeterminacy)

For any ¢, > 0, Jan equilibrium supporting a volatility o5 > 0 satisfying:
Q E; (th) = 0 for V't (i.e., local martingale)

Q@ o 22505 =0and ¥y =225 0 (i.e., almost sure stabilization)

@ 0" -possibility divergence or non-uniform integrability given by

Eg (sup((f—l-af)Z) = 0
t>0
with

. 512
Jim sup (Eo (74 08)° 1, sy ) > O

Aggregate volatility] possible through the intertemporal coordination of agents

o Called a "martingale equilibrium” - non-stationary equilibrium

o Satisfies the transversality condition (1)
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Key: a path-dependent intertemporal aggregate demand strategy

Average path Stabilized
1 A
1 Ye <0«

8 i

Sunspot

Agents;
e
®" '
1
1
— L]
Agentsy i 2) :
2 1
3 7 -
1
1
+ . I\t
1
/. gents3 / () [} (1
o oy 1 I o3
“yés) «— y3(7) y?Eﬁ) - 5 y3(5) Iyé“) <> y§3/ 91(12:?*‘7?51)
Divergence Attraction

Stabilized as attractor: o7 ELLEN 05, =0and Y; 2240




Key: a path-dependent intertemporal aggregate demand strategy

Average path Stabilized
1 A
1 Ye <0«

8 i

Sunspot

Agents;
e
®" '
1
1
— L]
Agentsy i 2) :
2 1
3 7 -
1
1
+ . I\t
1
/. gents3 / () [} (1
o oy 1 I o3
“yés) «— y3(7) y?Eﬁ) - 5 y3(5) Iyé“) <> y§3/ 91(12:?*‘7?51)
Divergence Attraction

But divergence with 0T -probability: Eq (suptzo (0 + Ut5)2) = o0
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Simulation results - martingale equilibrium

Excess volatility (of) when ¢, =0.11 ¢ =0.009 1 =0 ¢
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(a) With Taylor coefficient ¢, = 0.11

Excess volatility (of) when ¢, =0.33 0 =0.009 1 =06 =0
Initial excess volatility o3 =0.18 , Number of sample paths =50
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(b) With Taylor coefficient ¢, = 0.33

Figure: Martingale equilibrium: with ¢, = 0.11 (Figure 1a) and ¢, = 0.33 (Figure 1b)
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Potential stationary equilibria?
Conjecture: Ornstein-Uhlenbeck process with endogenous volatility {07}

New terms

1 1
dVe=|ie— | r"—S(0+ U§)2+§a2 dt + of dZ;

= 0 - 1z 7Yt dt+(7?dzt

=
=0

@ J/ as an approximate average of Y
@ 0 as a speed of mean reversion

o iy = r"+¢,Y; (i.e, Taylor rule) stays the same
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Proposition (Fundamental Indeterminacy)

For 6 >0, p < - with ju #0:

@ {07} process satisfying (3) is stable, and admits a unique stationary distribution: with
o — 0 and pu < 0, the stationary distribution coincides with the “generalized gamma
distribution” GGD(a, d, p), given by

2(0 + ¢y)? d=— 20udy

o @+g)2 PR @)

where a is the scale parameter, d is the power-law shape parameter, p is the expo-
nential shape parameter.

@ For 6 > 0 and u = 0, the 07 process is again non-stationary (degenerate distribution
at 03, = 0).

© The long-run expectations of the output gap Y; and excess variance (¢ + 03)2 — 02

are given by

lim Bo [Ve] =, and  lim Eo [(c+ 0f)2 —02] = —2ug,.

t—o0
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Simulation results - Ornstein-Uhlenbeck equilibrium
With 6 > 0, 51 < 0

Excess volatility (07) when ¢, =0.11 0 =0.009 p =-0.1 6 =0.1 Premium ((0 +0§)°) when ¢, =0.11 0 =0.009 2 =-0.16 =0.1
1 Tnitial excess volatility o§ =0, Number of sample paths =50 ) Initial excess volatility o =0 , Number of sample paths =50
’ |
i
12- ;A l\ }I

10 1
Time (1)

(a) Endogenous volatility o7 (b) Precautionary premium (o + 0% )?

Figure: Ornstein-Uhlenbeck equilibrium: endogenous volatility {7} (Figure 2a) and the precau-
tionary premium{(c + 0£)?} (Figure 2b)

o Even with g§ = 0 (no initial volatility) = stationary {07} process

» Another case
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Simulation results - Ornstein-Uhlenbeck equilibrium

With 6 >0, 4 =0

Tixcess volatility (o7) when ¢, =0.11 ¢ =0.009 ;1 =0 § =0.1
Initial excess volatility o —0.18 , Number of sample paths =50

Figure: Endogenous volatility o7

@ Again, degenerate distribution at 05, =0
o Faster convergence than the martingale equilibrium (8 = 0)
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A new monetary policy with volatility targeting

New monetary policy:

. 1 5
ir=r"+¢,Y: — | (c+0o)? = o
t Py Ye 5 | (o +o7)

=pp, =pp”
A

Aggregate volatility targeting?

@ Restores a determinacy and stabilization, but what does it mean?
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A new monetary policy with volatility targeting

Lead Ito term Ito term
eading to: / /
( v v
H 1 n n 1 n \/
it + PPt — SPPt =| rtep"— 5pp + P Vi
N
. 1l 1l Business cycle
” ” targeting
o+ ]Er(dlog i) o+ ]Et(d:;)tg Ye)

@ A % change of (i.e., return on) aggregate output (i.e., demand), not just the policy
rate, follows Taylor rules

Key issue: monetary policy tool available # objective
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Model with inflation
Nominal rigidities a la Rotemberg (1982)

dp} = 7ip} dt,
with adjustment cost of inflation rate 7ri:

. T
O(m;) = 5(%2)2pth,

. - Volatility of inflation growth
New Keynesian Phillips curve: /

T

drs = H2(p+7rt)—it—(a+z7f)(a+c7ts+ of )] me - (5_1) (e(”T“)“—l)] dt

+ U{[ TTt dZt,

The IS equation then becomes:

dv, = [it — e — | dt + 0% dZ,, (5)
Taylor rule:
it:r”Jrqbth (6)

@ Transversality given by the same equation (1) nym



Model with inflation

Proposition (Fundamental Indeterminacy)

The model with sticky prices a la Rotemberg (1982) admits an alternative solution to
the benchmark equilibrium given by:

d\A/t:G[y—\A’t] dt—l—(deZt, ( )
7

e = f(03),

where f(-) is a smooth function of excess volatility 5. This alternative equilibrium solu-
tion exists for any positive degree of price stickiness, as captured by the adjustment rate
parameter T > 0.

@ Similar structure to the Ornstein-Uhlenbeck equilibrium, with 71+ as a smooth function
of 03

@ Similar in the case of pricing a la Calvo (1983): see Online Appendix G
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Thank you very much!

(Appendix)
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Simulation resglts - Ornstein-Uhlenbeck equilibrium
With 0 < jt < ~—

2¢y
Excess volatility (of) when ¢, =0.11 ¢ =0.009  =3.6818¢-05 6 =0.1 Premium (0 + 07)2) when ¢, =0.11 5 =0.009  =3.6818¢-05 0 =0.1
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(a) Endogenous volatility o7 (b) Precautionary premium (o + 0F)?2

Figure: Ornstein-Uhlenbeck equilibrium: endogenous volatility {¢§} (Figure 4a) and the precau-
tionary premium{(c + )2} (Figure 4b)

@ Even with g§ = 0 (no initial volatility) = stationary {07} process
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